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ABSTRACT OF THE DISSERTATION 


Perturbation Theory of Nuclear Matter and Finite Nuciez 


This dissertation investigates several related topics in 
the theory and application of perturbation methods to nuclear matter 
and finite nuclei. 

(1) Theoretical discussions include the concise rederiva- 
vion or many oasic equations describing the properties of many- 
fermion systems. The techniques thus developed are then employed, 
with a "change of parameter" procedure, to derive an approxirate 
expansion for the energy of the "normal" state. In this expansion, 
the momentum density occurs in place of the Fermi functions and the 
"self-energy" terms are absent. Also discussed is a new method for 
including the "core volume energy" in tne K-matrix approximation. A 
later discussion includes a study of other nuclear matter theories, 
and discloses a previously unreported second order difference 
between an expansion of the equations of the Puff theory and the 
Brueckner-Goldstone expansion. 

(2) A simplified version of the Brueckner-Gammel K-matrix 
approximation is then presented, and employed to show that the vari- 
ation of many-oody properties with choice of phenomenological poten- 
tials is quite large: the saturation values for the ground state 
energy vary from -8.3 MeV at an equilibrium spacing of 1.28 Fermis 
for the Breit potential to -22.3 MeV at 0.9 Fermi for one Gammel- 


Tnaier potentiai, a result that implies that comparison of results 
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with extrapolated experimental values is not at present an accurate 
test of @ nuclear matter theory. Tne simplitied approximation is 
also used to obtain estimates of the attractive contributions or 
many perturbation diagrams, leading to the conclusion that calcula- 
tions with hard core potentials must be carried to the equivalent of 
the third Born approximation (on the attractive part of the poten- 
tial) and that the self-consistent energy denominators must be com- 
puted with at least "first iteration" reaction matrices for quantita- 
tive (+ 2 MeV) results. 

(3) The approximation for finite nuclei is also extended 
with a semi-independent verification of previous calculations, @n 
evaluation of a new rearrangement energy approximation (which gives 
&@ more accuracve energy spectrum but only slightly vetter average pro- 
perties than previous calculations), and the calculation of the pro- 
DeriuLes: O17 ppeoe The latter yielded a mean energy of -6.56 MeV and 
mean rms proton radius of 4.63 Fermis, compared to experimental 
values of -7.87 MeV and (5.43 + 0.07) Fermis. These results are 
slightly better than the results for the smaller nuclei, indicating 
that some of the errors in the theory arise from inadequacies in the 
treatment of the nuclear surface. 

(4) In addition to the theoretical discussion of other 
nuclear matter approximations, this dissertation Teatures quantita- 
tive analyses of the Moszkowski-Scott separation method and the 
Mohling and Puff approximations. In a computationally Teasible form 


for hard core local potentials, the Puff and Mohling approximations 
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are the same, and are shown to give mean energy and equilibrium 


4 


spacing which are 10% more negative and smaller respectively than 
more peeurate K-matrix results. The Bethe reference spectrum method 
mS, Dricily discussed, and a supplementary calculation presented. 

(5) Finally, an approximation is developed which is com- 
putationally simpler than previous approximations for hard core 
potentials. For the potential employed in the calculation by 


Brueckner and Gammel, the mean energy with the new approximation is 


-14.0 MeV at 1.04 Fermis, compared to their -15.2 MeV at 1.02 Fermis. 
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INTRODUCTION 


The calculation of the ground state properties of large 
nuclei by using only the nucleon-nucleon potential has been the 
subject of intensive investigation for several years. Because of 
the complexity of the problem, it is customary to concentrate first 
on “infinite nuclear matter" in which only nuclear forces act and in 
wnich the numbers of neutrons and protons are equal. If the theory 
yields results for this idealized medium which are consistent with 
the properties deduced by extrapolating the experimental data on 
large nuclei, then the extension to finite nuclei is attempted. 

in recent years, the Brueckner-Goldstone linked-cluster 
Soaneten wnich is a basic perturbation-theoretic equation for 
the energy of the zero-temperature many-fermion system, has been 
applied with success to the calculation of nuclear properties. This 
application involves a partial summation of the Brueckner-Goldstone 
series, effected by the Brueckner K-matrix approximation.*?? ihe 
most accurate calculation performed to date, by Brueckner and Gammel,> 
yielded a mean binding energy of 15.2 MeV at an "equilibrium 
spacing" of 1.02 Fermis, in excellent agreement with the extrapola- 
Lions then accepted, ~15.5 Mey “anc. 21.02 Herms. “An extension of 
the theory to finite nuclei was developed by Brueckner, Gammel and 


16 
Weitzner, ? and. the properties of the closed-shell nuclei 0 - a 


oO ee 
and Fa were computed by Brueckner, Lockett and Rotenberg.~ The 


latter results were in "semi-quantitative" agreement witn experiment, 








the mean binding energies being about 3 MeV too small and the rms 
radii of the nuclear distributions being as much as 20% too small. 
Inadequacies in the treatment of the density dependence of the inter- 
actions in the nuclear surface and in the treatment of the "rear- 
rangement energy" were evaluated as the principal sources of error. 
beveral problems remained to be investigated. During the 
past few years many different nucleon-nucleon potentials have been 
proposed, all of which give almost "equally good" agreement with the 
Rr cer aiental data on nucleon-nucleon scattering: Do these poten- 
tials also yield equivalent many-body results? Another question, 
which has important consequences for the feasibility of various 
simpler approximations than the K-matrix approximation, involved the 
latter's convergence properties: At what order can the various per- 
turbation sub-series be truncated without appreciable error when 
using realistic potentials? Going next to the application of the 
approximation to finite nuclei, an important task is the improvement 
of the treatment of the "rearrangement energy" in the hopes of 
obtaining substantially better agreement with experiment. These 
problems are essentially extensions of the original work of Brueckner 
and his collaborators. Recently there have also been several other 
efforts to develop approximate theories of nuclear matter. Unfor- 
tunately, they frequently employed nucleon-nucleon potentials dif- 
fering from those used by Brueckner and Gammel, and quantitative 
comparisons between the theories were therefore difficult. Further- 


more, although most of them are simpler computationally than the full 





K-matrix approximation, they are still very difficult (often con- 
ceptually as well as computationally) for the full nucleon-nucleon 
potential, and an "easy" nuclear matter approximation which preserves 
the principal features of the problem is definitely needed. 

This dissertation addresses all of these problems. The 
following paragraphs outline the general method of attack and the 
principal results. 

Chapter II begins (Section A) with brief statements of the 


i, 


Brueckner-Goldstone linked-cluster expansion (BG expansion) and 


> 


of the Brueckner K-matrix approximation~ for the energy of a many- 
fermion system. Comprehensive background material is relegated to 
Appendices A and B respectively, and the reader who is unfamiliar 
with this material is advised to begin with these Appendices. In 
particular, he should understand the interpretation of the basic 
equation of this theory, the BG expansion, as given schematically by 
(A.73) and explicitly through third order by (A.92). It is also 
desirable to read carefully the derivation of the K-matrix approxi- 
mation (Sectia A of Appendix B) and to obtain at least a general 
concept of the K-matrix equations as they appear in coordinate space 
(Section B). With the BG expansion as a basis, Section B of Chapter 
II presents derivations and explicit perturbation series for many- 
fermion system properties. Though none of the equations are new, 
some of the derivations are, and taken together they form a brief 
and simple summary of many-fermion relations and a basis for further 


investigation of the BG expansion. The possible use of the true 





momentum density instead of the unperturbed distribution (the Fermi 
step function) in the BG expansion and in the K-matrix approximation 
is then investigated, using a "change of parameter" method due to 
Sawada. The result is a simpler, approximate perturbation series 

for the interaction energy, whose accuracy for nuclear matter is 
estimated to be of the order of 2 MeV. The new approximation is 
exact to fourth order. Most of the material in Section B will appear 
in a paper to be submitted for publication by K. Sawada, L. Bruch 
and the author. 

In Chapter III, the concept of "infinite nuclear matter" is 
discussed, and the two parameters which characterize it, the binding 
energy per particle (= and the equilibrium spacing (r_), are 
treated in some detail, with the conclusion that present evidence 
supports the following values: E,. = (215.5 4 2.0) Mey -and 
vr. (nuclear matter) = (1.07 + 0.03) Fermis. Nucleon-nucleon poten- 
tials and the justification for their use in the computation of 
nuclear properties are then very briefly reviewed. 

Chapter IV presents a revised K-matrix approximation sug- 
gested by Professor Brueckner. This approximation is a simplifica- 
tion of the treatment by Brueckner and Gammel, and is characterized 
by the neglect of the explicit dependence of the single-particle 
energies on the total momentum and by a single-particle excitation 
spectrum which is characterized by only one parameter, the relative 
momentum (as opposed to the Brueckner-Gammel spectrum> with its 


dependence on the particle momentum and on an energy parameter). The 





new approximation yields a minimum mean energy vs. density of -16.9 
MeV at a density corresponding to a 1.00 Fermi using the 
slightly modified Camelethalen potential with which Brueckner and 
eanmei obtained -15.2 MeV at 1.02 Fermis. Several different 
phenomenological nucleon-nucleon potentials which purportedly give 
almost "equally good" two-body scattering predictions were used in 
the calculation to see whether their many-body predictions were the 
same. They were not; the equilibrium energy and spacings varied 
from -8.3 MeV at 1.28 Fermis for the Breit potential! to =2es 5 
MeV at 0.90 Fermi for one of the Gammel-Thaler porentiaiisn 

Three possible sources of these differences were analyzed, with the 
conclusion that about one-third of the differences can be attributed 
to the Pauli exclusion principle together with differences in two- 
body scattering properties and that the remaining two-thirds is 
attributable to self-energy effects. The large variation in nuclear 
properties noted above implies that no really good test will exist 
for nuclear matter approximations until a nucleon-nucleon potential 
can be accurately and unambiguously described either theoretically or 
experimentally. Because the neglected terms in the K-matrix approxi- 
mation cannot be calculated exactly (though most approximate calcula- 
tions indicate they are small), the only tests available at present 
are relative comparisons between different approximations effected by 
using the same potential in all of them. The convergence rates of 
high order terms in the BG expansion are investigated quantitatively 


(after separate treatment of the infinite core repulsion), leading to 





the conclusion that nuclear matter calculations with realistic hard 
core potentials must be carried to at least the equivalent of the 

_ third Born approximation and that the self-consistent energy denomi- 
nators must be computed with at least "first iteration" K-matrices 
for quantitative (+ 2 MeV) results. This study is more thorough 
and complete for hard core potentials than any reported to date, and 
includes estimates of the attractive contributions of many high order 
diagrams (or groups of diagrams), obtained by modifying the computa- 
tional procedure in various ways. The "core volume energy," which 
had previously been considered neciicisita ” is examined following a 
suggestion by Bethe, Brandow and Pateche (BBP). Their "reference 
spectrum" for particle energies (which includes the core volume 
effect) is used to check the effect of this core term on the binding 
energy (a calculation not performed by BBP), and to investigate the 
pe neiey of the calculations to the parameters of this reference 
spectrum. The binding energy was found to be of the order of 6 MeV 
less attractive with the BBP spectrum at normal density, but for 
reasons discussed in the text (including the sensitivity of the cal- 
culation to the BBP reference spectrum parameters), it is estimated 
that the net effect of the core volume term in @ completely consis- 
tent calculation would be of the order of 2 MeV (repulsion). A pro- 
cedure for including the core volume term approximately in the K- 
matrix approximations of Brueckner and Gammel or of this dissertation 
is derived and presented in detail. An approximate treatment of the 


three-body cluster term suggested by Rajaraman’” is also investigated, 


—V——Eeer 





but without conclusive results. Some of the results mentioned above 
were reported in "Infinite Nuclear Matter Calculations and Phenomeno- 
logical Potentials," Phys. Rev. 128, 2267 (1962) (with K. A. Brueck- 
ner), which is included as Appendix G of this dissertation. This 
paper 1S referred to as BM, and contains some material which is not 
repeated in the text. 

Chapter V reports the semi-independent verification of the 
Brueckner, Lockett, Rotenbere: (BLR) calculation of the properties 
of oat. the evaluation of a revised approximation for the 
rearrangement energy, and the extension of the Brueckner-Gammel- 
Weitzner? theory to the calculation of the properties of pp28 | 
Most of the results have been reported in "Properties of Finite 
Nuclei," Phys. Rev. (to be published) (with A.M. Lockett), which is 
included with this dissertation as Appendix H. The revised rearrange- 
ment energy treatment referred to above is derived in more detail 
than in any of the papers, and is evaluated by computing the proper- 
ties of ca and comparing with the BLR results. The effect of the 
better approximation was to reduce the overall spread of eigenvalues 
from -70.1 through -4.9 MeV to -48.7 through -5.5 MeV. The 
effect on the binding energy per nucleon and the rms radii was much 
smaller, however, being to cause changes of -.43 MeV and +0.11 
Fermi (about 3%) respectively. All of the properties affected were 
in better agreement with experiment. A slightly better approximation 


is developed for future calculations. However, it is concluded that 


the rearrangement energy is not the principal source of difficulty 





with the finite nucleus calculations. In order to ascertain the 
importance of the errors in the treatment of the interactions in the 
enucicar suriace (where the density changes rapidly), the properties 
of pper8 (which has proportionally fewer nucleons in the surface 
region) were computed. The approximation yielded -6.86 MeV mean 
energy per nucleon (in fairly good agreement with the experimental 
-7.87 MeV) and 4.63 Fermis rms proton radius (about 15% smaller 
than the electron-scattering value, (5.42 + 0.07) Fermis). For 
equivalent parameters, the BLR calculations for the smaller nuclei 
has yielded much poorer energies (by more than 3 MeV) and approxi- 
mately 20% variance ‘in rms radii. The considerable improvement in 
energy and the slight improvement in mean radius indicate that the 
surface treatment is responsible for part of the remaining dis- 
crepancy (recall, however, that much of the improvement in rms 
radius is due to the better rearrangement approximation). The fact 
that the nucleon-nucleon potential employed gave saturation at 

ry = 1.02 Fermi vs. ro = 1.O0f as suggested by the arguments of 
Chapter III indicates that the phenomenological potential input is 
possibly responsible for much of the error. This is made more 


f 


plausible by the fact that recent nucleon-nucleon potentials have 
larger cores than the BGT potential used in these calculations. 

In Chapter VI several other approximations which have 
recently been employed for nuclear matter calculations are investi- 


gated quantitatively and are compared with the calculations of 


Brueckner and Gammel (BG) and with BM. The approximations investi- 





gated are those of Moszkowski and Scott, > Bethe, Brandow and Pet- 


12,13,14 15,16 me Moszkowski-Scott (MS) 


schek,” Pult, and Mohling. 
_ separation method is very good for central potentials, but as pointed 
out by Scott and Hoeeoweie it is only semi-quantitative for 
nucleons interacting via tensor forces. Our quantitative comparison 
of the contributions from various angular momentum states (based on 

@ more accurate calculation of the individual contributions) shows 
that the MS caleunetion< underestimated the S-state attraction by 
about 5 MeV and differed in the P-state from the BM approximation by 
2.3 MeV (repulsion). The D and higher states are within 0.5 MeV 

of the BM calculation. Thus the MS method is very good for states 

of high angular momentum, but is not sufficiently quantitative for 

5 and P states. Improvements suggested by Kehler? and by BBP 
may improve the treatment considerably, but the slow convergence of 
the Born approximation noted previously probably puts an upper limit 
on the accuracy at about 2 MeV. The BBP reference spectrum method 
is briefly reviewed, and their treatment of the core analyzed. The 
Puff and Mohling eaerOcmat ions were evaluated in a computationally 
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feasible form described by Bell.~ This approximation is the lowest 
order Mohling approximation, but it is simpler than the Puff approxi- 
mation (which involves additionally a self-consistent momentum 
density, and for a local interaction with hard core is more difficult 
to handle than the BM approximation). The approximation employed 


yields an equilibrium E which is 10% more negative than the BM 


Av 
value at a spacing which is 10% smaller. It appears that the full 
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Puff approximation would give closer agreement, but as noted, only 
with considerably more difficulty. This section also points out a 
second order difference between an expansion of the Puff final equa- 
tions Tor Bay and the BG expansion which has not previously been 
noted. The Mohling equations, on the other hand, are formally in 
agreement with the BG expansion, but the second and higher order 
corrections would be very difficult to evaluate. Furthermore, these 
corrections would have to be evaluated very accurately because of a 
high degree of cancellation involved. Many of the results indicated 
above are reported in BM. It should be mentioned that this is the 
only reported employment of the Mohling-Puff approximation which has 
used a "realistic" hard core potential acting in states other than 
the S-state. The evaluations of the Moszkowski-Scott and Mohling- 
Puff approximations are thus the most quantitative reported to date. 
Chapter VII presents a new nuclear matter approximation 
which is simpler than any of those previously discussed. In this 
approximation the free kinetic energies are used in the energy 
denominators of the eae ton matrices, which are computed with the 
"average excitation energy" <A (introduced in Chapters II and IV) 
equal to zero, even for particle energies. Thus the Green's func- 
tions, which are the most difficult and time-consuming part of the 
BG and BM calculations, are independent of the nucleon-nucleon poten- 
tial (which previously appeared through self-consistent denominators) 
and can be calculated once and tabulated for all future nuclear mat- 


ter calculations. A second order calculation of the true momentum 





ae: 


distribution is also used, in place of the Fermi step-function, as a 
weight function when calculating the potential energy. This density 
. can be calculated with a separable potential or can be obtained 
indirectly by expanding the self-consistent denominators in the 
second iteration of the basic calculation. Both procedures have been 
employed in this dissertation. The latter yielded -15.0 MeV at 
1.04 Fermis, in excellent (though fortuitous) agreement with BG's 
-15.2 MeV at 1.02 Fermis. For the former procedure, the Yamaguchi 
S-state potential without hard core was used, yielding very poor 
results (-32 MeV at normal density, the saturation properties not 
being determined). It is expected that a hard shell separable 
potential will give a density which will yield results comparable to 
the ones obtained using the expansion of the denominators: the hard 
shell has the effect of reducing the density by a very large amount 
below the Fermi sea. Some possible uses of this approximation are 
discussed and it is emphasized that although it greatly simplifies 
the computational problem (once the Green's functions and momentum 
density have been computed and tabulated), it maintains most of the 
features of the full calculation. Further, the approximation is 


simple enough to be easily included in graduate level courses. 
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Teles 
PERTURBATION THEORY OF THE ZERO-TEMPERATURE MANY-FERMION 


NORMAL SYSTEM 


The theory of the many-fermion system has been the object 
of intense study for many years. This dissertation is limited to a 
small portion of the overall field, the study of the perturbation 
theory of the nuclear zero-temperature "normal" state -- that state 
in which there is no binding which would lead to a phenomenon such 
as superconductivity. The basic theory for the perturbation treat- 
ment has been developed, and is presented briefly in this chapter as 
the basic tool on which the remainder of this investigation depends. 
This basic tool is the Brueckner-Goldstone linked-cluster expansion 
(BG expansion), the perturbation theoretic expression for the ground 
state energy of the system described above. The Brueckner K-matrix 
approximation to this energy is also briefly presented. With the 
BG expansion as a basis, the properties of a many-fermion system are 
then analyzed and several general relations are developed. These 
have previously been derived within the framework of Green's function 
theory, but the equations developed here are expressed as explicit 
perturbation series in contrast to some of the original derivations. 
Following this, a new approximation for many-fermion systems is 
presented. This approximation is derived by using a "change of 


parameter" procedure which is described in the text. 


L3 
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A. THE BRUECKNER-GOLDSTONE LINKED-CLUSTER EXPANSION AND THE 


BRUECKNER K-MATRIX APPROXIMATION 


The heart of the perturbation theory of the normal state 
of many-fermion systems is the Brueckner-Goldstone linked-cluster 
expansion (BG expansion).7?= Its derivation and its limitations are 
discussed in considerable detail in Appendix A as well as in texts 
on the many-body problem (eng. thowless- \ Although there are many 
unanswered questions related to the applicability of this expansion 
to the atomic nucleus, it will be assumed (in the absence of a 
rigorous proof to the contrary) that the theory can be used to obtain 
a description of the properties of the "normal" state of large (and 
for simplicity, infinite) nuclei, and that this "normal" state is 
very close to the actual ground Bate -- much closer than the prob- 
able errors in our calculations. 


The Schroedinger equation for the system is 


(H. + H, )¥ = RY = (E. + AE)Y (2.1) 

with 
Ke 
= a, * = 
H, = 2 aM An Me = ~ ¢ fi (2.2) 
k k 

satisfying 

H $= EB, 8, (2.3) 


and 





i 


eae 
ee Viet ay a a8 (2.4) 


as 

ll 
hole 

M 


satisfying 
H. Y= ARY. (2.5) 


The expectation value in the unperturbed ground state of the number 


operator fi, =a,*a is just 
= Kk ok & : 


aw 


(3, 4,9) =n =1 (kl <p, 


i (2.6) 
o [kl >p,. 


I 


The BG expansion for the interaction energy, AE(n,¢), (Appendix A -- 


Pa, (8. 73)) 16) 4ust 


ace 1 1 1 
uy 5 ae Ge eee ee 
AE = yg & (859 Bp ga yine Bee Bp Ep ioe Be Wag 2) 
O O O © O O 


(2.7) 


where 2% means summation over all connected graphs leading from De 
@ 


to ae i.e., over all linked graphs with no external lines. [In 


terms of the two-body interaction, the BG expansion is given by 


ta 
II 
b 


z any + AE(n,¢) 


fi 
. - a 7 3 ies Ykas(kt) “ke ae 
_ ta, (1-n, )(1-n, )n.n, | 0( 3, 
a-70 “2; (mn) “mn ; (kz) are 


kh See 
» mn (€, +6, eae nt ia) 
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(See (A.92) in Appendix A). 

In Appendix A rules are given for expressing the terms of 
‘any order in the BG expansion (2.7) in terms of all possible con- 
nected graphs ("linked clusters") of that order. With two exceptions 


oe These 


these rules are the same as those used by most authors. 
exceptions are: (1) indicate explicitly the creation and annihila- 
tion operators associated with each v-interaction, reduce them to 


expectation values of the number operator using the customary pre- 


scription 


x Ke * Oy 


ey 
{0 
tl 


(l-a "a 


k i) = (1 - A.) , (2.9) 


oe 
0 
I 


and use the identities (for the expectation values) 


and 


(ine n.)” b=) (2.10) 


to simplify the resulting expansion; and, (2) provide for the possi- 
bility of a non-spherical unperturbed Fermi sea by defining a state 


" : v8 * UB ¢ < 
of momentum k as a ‘particle if e. > en and ve ROLE ak €. = ep 


ee me 


where e. is the unperturbed energy and en is the Fermi energy. 


~~ 


If the unperturbed Hamiltonian is just the sum of kinetic energies or 
if the potential term in the unperturbed Hamiltonian is spherically 


symmetric, then the above definition can be reduced to the often-used 





Rf 


definition of a "particle" as a state whose momentum is greater than 
the "Fermi momentum" and a "hole" as a state whose momentum is less 
' than or equal to the "Fermi momentum." It is, of course, possible 
for the Fermi energy (or momentum) to depend on the spin (or isotopic 
spin) of the particles (e.g., as ina system with different neutron 
and proton densities). 

A partial summation of the BG expansion is possible. This 
is effected by the Brueckner K-matrix approximation,> which is 


treated in detail in Appendix B. In this approximation, the energy 


is given by 


: i 2 Z 5 
E = ue +5V, )n, = 2 € 0, ie K(2, 6E=0) (cg) nn, + O(K~) 


k 
(2.11) 
The K-matrix is, in turn, determined by the integral equation 
(1-n,,)(1-n,,) 
K(2,5E).. Hive + & vi, (2, 6E . 
( , )s5ske Tee mo igjsmsy (5)-w (E)-6E (2, eT, 
m n 
(212) 


In this approximation, the energies of particles within the Fermi 
sea are computed "on the energy shell" with 6E = 0, and with the 


"single-particle potential" given by 


kLs(ke) “2 (2.13) 


Vy, = 2% K(z, 5E=0) 
£ 
with 


Pew +0 (2.1h) 





and 


W =¢€ +V. (2.15) 


The intermediate state energies w Ae), etc., are computed "off the 


energy shell," with 


6E = A (2.16) 


where A is a mean excitation energy, usually taken to be 


ae = a0 . <chus the single-particle potential is given by 
r = 
V (2) = 2 K(2Z,A ‘ ; oar rede 
al ) j (2, ener j (2227) 
and 
w (2) eae Vv Ae) : (2.15) 


The details of the transformation of these equations to coordinate 
space are given by Brueckner and Gammel? (hereafter referred to as 
BG) and in Appendix B. Typical diagrams summed by this approximation 
are indicated in Fig. 1. Diagrams 3(c) (hole-hole scattering) and 
3(d) (the so-called "three-body cluster diagram") are the only third- 
order diagrams not summed by the Brueckner approximation. Other 
low-order diagrams not summed include the "rearrangement diagrams" 
indicated in Fig. 2. Further discussion of these neglected terms 


can be found in Chapter IV. 
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Fig. 1. lLow-order diagrams of the BG expansion. The 
diagrams are to be interpreted as including all possible 
exchanges (as explicitly indicated for diagrams 1(a) and 
2(a)) and all possible positioning of various elements (e.g., 
3(b) can be drawn in four different ways, with the self-energy 
insert on the lines k, m, £, and n). The lignt horizontal 
lines in diagrams 4(d) through (f) indicate positions at 


which the energy denominators are investigated in the text. 


Fig. 2. lLow-order "rearrangement energy" diagrams calcu- 
lated by Brueckner and Goldman (diagrams (a) and (b)) and 


by Brueckner, Gammel and Rupee (diagrams (a) and (c)) . 
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Ree = = & —_—__E_ Se ee <P a or 
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B. MANY-FERMION SYSTEM PROPERTIES 


Following Sawada, Bruch and Neecereon 2 (SBM), fundamental 
formulae for the true momentum density and the single-particle energy 
are developed from the Brueckner-Goldstone expansion. Explicit per- 
turbation series are exhibited. In this and following sections 
several zero-temperature forms of the equations of the Landau theory 
are derived more concisely than by previous derivations using Green's 
function theory (e.g., Klein and eranee and Noziéres and Luttin- 
pene): Many of the relations so developed are then used in the 


development of a new approximation in Section F of this Chapter. 
1. True Momentum Density 


The expectation value of the number operator, a, = a.."8s 
is the Fermi step-function when evaluated between the unperturbed 


states, O° When evaluated between the states of the interacting 


system, Y¥, it yields the momentum density, a From 
B= [¥, (Leh + v)¥i/(¥,¥) , (2719) 
k 


we then show that 0. = (vn ¥)/(¥,¥) iis: 


6 a _ _4 : 
cae De al Ce ep no) 22 ef tv )¥(e,e5---)I/(¥,¥)3 : (2.20) 
p p 
The only dependence of the wave functions which is indicated above is 


their implicit dependence on the single-particle energies as, e.g., 
given by (A.72). To prove that (2.20) is (Yen )/(¥¥), we must 
show that the functional derivative on the wave functions vanishes. 


If we write that derivative as 





my Hl | 
ae oe “ote ea en +E te SV. . “Eis al Grane tars )) | 


ee p 


p as 

(2.21) 
ead. 5 kt. a is regarded as a variational parameter, then the expec- 
tation value is stationary at the true wave function (where o = Ep 
and the above derivative vanishes for ¢ , = e Thus (2.20) reduces 


to (YAY )/ (YY) = 2, (since v has no explicit dependence on the 


e,)) and one obtains the wel 1-known connie” 


ae oa : 
Pp be “=n, + be Senet = a ae ne, 


We remark here that the momentum indices are vector indices, and 
refer to both angle and magnitude of the momenta. 

In (2.22) and throughout this discussion, the functional 
derivative is defined as operating on every = Which occurs in the 
expression which follows it, including those es whieh occur under a 
summation (i.e., the single term in each sum for which the summation 
variable equals 2 in the example above). 

From the BG equation for E, (2.8), we obtain 


n (i-n,)(1-n, ) ; 


6.) Si 1 -2% Vv Vv teeep + 
0, : ) at émn p&;mn (e te e mn; (pL) J 


p g7&m n) 


| feet en) 
i= Kegs 


+ (en Vv 
\ olin kg 5pn 


Basics toaeep (25.23) 
(e,teg-ey-en) 


We have used a change of summation indices to combine terms with 


identical structure arising from (2.8), thus cancelling the factors 
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2 in that equation. For example, 


n g\i-n, jen ) 


i 
—. 2 a V 
2 P gm m (e+ +€ ,-€ =e = m3(pt) " 2"p mn 


i-n jl-n 
n(1-n_)(1-n_) (2.24) 


Vv 
- mn ; (kp) 
os ene) 


n,(i-n_ )(1-n_) 


=n a 
oe 2 mn; (pz) 
m on 


Pp £mn pé3;mn 
re) 


Similar changes of summation indices to combine terms are employed 
throughout this dissertation without further comment. 

The term not miltiplied by n., Ta eee ure the. vad cr 
the density distribution, extending beyond the Fermi sphere. It is 


readily verified that this equation for Pe can be truncated at any 


order in v_ and will still satisfy the identity~~ 


Ep ==n =N (2.25) 
p p 


Eq. (2.23) can be inverted to yield an equation for n, in 


terms of ee 


p,(1-p_)(i-p,) 


i. = 0 eka 2 ah an att 
Pp p L = ps£ ;mn eee a a) mn ; (pz) = 


mn (1-p m “K2 spn (¢ Kreg F ny \e Yon; (kL) 7 oa le (2.26) 





au 


2. Single-Particle Energy 


The "single-particle" energy may be obtained from the per- 
turbation expression for the total energy in a fashion analogous to 
that employed for the density. The energy of an added particle of 


momentum p is the difference 


w= B (a '€) - B(n,¢) (227) 


where 


nye! > K kp (2.28) 


pimilarly, the energy of an additional hole is 


oe E(n,e) - E.(n. 5e) ; (2.29) 
with 1 x Z 
lo k-p J [KS 
ae ( eS) 


: QO || > > 


It is apparent from the above expressions that the single-particle 


energy can be written as 


S 
II 


6 Sa 
(BE -E) - bn, mse) =e in, AE(n,€¢ ) (2a) 


=e + Ae; Ae aes AB(n,¢) . 
p a5 





The definition of 6/on is similar to that of ofee It is show 
in Appendix A that E(n,¢) is proportional to the total number, N; 
‘Ehereiore, ve is of order unity compared to WN because 6/on., 
removes one summation of E(n,e). Rigorously, (2.31) should contain 
terms with the higher derivatives 6°/ on. : 6°/6n° . e0C. However, 
each such derivative will remove one or more other summations and 
will thus introduce a factor of 1/N or smaller. Such terms may be 
discarded in the normal system (for which we take the limit 9 -©@ , 
with the ratio N/Q remaining constant, Q being the volume ) © From 
(2.8) we obtain the following expansion of (2.31). 


w(e )=e + Uv | ee Lee 
pp p yg pas(pl) 4 @> 0 gay “pésmn 


n,(1-n,)(1-n_) 


€E+€,-€ -€ +1 mn; (p2) (2. 32) 
Dp & mn 
lim iy | a : : 
B= On ee PA ce ee 4 4e pn; (kz) 
kK ££ 5 8 


The imaginary terms from the Brueckner-Goldstone expansion, (2.7), 
“are related to the lifetimes of the hole and particle states. In 
the subsequent discussions we shall not exhibit the imaginary terms 
explicitly. We should remember, however, that oa has no 
imaginary part. The original BG series for the ground state energy 
(of the normal system) contains no poles, and since (2.32) for 


p= Ke is just the upper or lower limit of one summation in the 


equation for the ground state energy, it must also be real. 





If we define an "effective interaction" matrix U(k,2) 


such that 
a 
AE(n,¢€) a Qu U(k,£)n n, ’ (2.33) 
Kae 
then (2.31) becomes 
w =e€ +2 U(p,£)n, + 3 nn = yk L) (2.34) 
Dp Dp LZ ‘ L ex so / : 


which is a restricted form of the Landau equation, with all the quan- 
tities in (2.33) completely specified by the BG expansion (which is 
an equation for U(k,£)). For example, to second order in v, 


(1-n,,)(1-n, ) 


+ Vv 


mat), 


(2555) 


U(k,£) = 


"K03;(k£) ~ mijn “K£3mn 


€é +€.-€ -€ 
k £ Mm 


and (2.32) is obviously obtained when this equation is substituted 
into (2.34). The third term in the equation for oe ie the coe 


n21,27, 26,29 it 2epresents the ditier- 


called "rearrangement energy. 
ence in the energy to remove a particle to infinity "quickly" (with 
no change in the states of the rest of the system) and the energy 
required to remove the particle adiabatically (the rest of the 
system "rearranging" itself to the ground state of the N-1 particle 
system as the removed particle goes to infinity). As noted by 
Brueckner , “! it is this term which is the obvious eulpriG in the 
failure of reaction-matrix calculations to satisfy the Bethe- 

8, 30 


Hugenholtz-vyan Hove theorem that the single-particle energy at 


the Fermi surface should equal the mean system energy: most reaction 





matrix calculations use only the first two terms of (2.34) for the 
single-particle Seren Ee one identifies U(k,2£) with Brueckner's 
he metri x, Kegs (Ke)? then (2.34) is identical to the equation derived 
by Brueckner and Goldman in their analysis of the rearrangement 


eu 
energy. 
C. DISCONTINUITY IN MOMENTUM DENSITY AT THE FERMI SURFACE 


The possibility that a Fermi surface might exist for zero 
temperature interacting fermions was pointed out by Migdal, 2+ who 
noticed that under some circumstances it could be so iat the mean 
occupation number of different single-particle momentum states in 
the true ground state is discontinuous. Luttinger“ has examined the 
conditions for its existence and rederived the equation for the dis- 
continuity. A calculation for the electron gas has been reported by 
Daniel and Vosko .=° We present here still another derivation, which 
is based on the assumption that a valid perturbation expansion for 
the system energy exists. 

From expression (2.23) for the momentum density, Pe is 


- is evident that Ps can be separated into two parts, one multiplied 


by A and the other having no explicit dependence on 


6 





p = Fer E(n,¢) 
e Pp 
ae ope AE(n es AE(n,€) (2. 36) 
p* "de> tay OY J Be eS 


Henceforth ce will indicate differentiation of those terms not 


ext 





Ze 
multiplied by ao - Thus the leading terms of the last two elements 


on the right hand side of (2. 36) are 


a, go go aB(n,)) = nylon) -n,) 
ée '6n ee an 


nee 2 V 
D Dlymm pé£3mn _. -e \2 mn; (ps) 
p p (e+e, c. e.) 
(2. 37) 
- 2& V maging) V (ce) 4 | 
k£;pn 2 prs ky ee 
kz Beoue 
n (e, +e, Ss e.) 
and 
nn,(l-n_) 
oy - k 2 n 
Be, Mme) = Vetspn Toe ene ye Vpms(xe)” (2-38) 
P Kf) 1 


by Usine the definition of the single-particle enerpy change 


de (n,¢) from (2.31), we can write (2.36) as 


1 





§ 
p, =m, (1 + be.) + g— AB(n,€) 
Pp —p 
(2.39) 
| 67 
=n ——w(e) + —  AF(n,e) . 
Se Se ‘ 
Dp D Db p p 


It can be seen that 6/5¢ operates not only on the explicit c., in 
Eee) but also on the single term in each sum for which the index of 
summation equals p. Because these latter operations yield terms of 
order (1/N) (because of the removal of one sum), -they may be neg- 
lected and the functional derivative may be replaced by the partial 


derivative, 3/36, . The density is then given by 





> 


p =n >—wW s) ss — BE tise): (2.40) 
p 


Usually epee) is denoted as Z. . Its physical mean- 
ing can be seen in the following way. For ae > en » we have from 


the definition of o and from (2.22) 


Pp p 
= asa! = (Fn ¥) ) (2.41) 


where = 1s the state with one extra particle of momentum p. If 
we introduce the creation and annihilation operators, a and a 


(1, 7 a, 8.) , and the complete set of unperturbed states, @, , we 


obtain 


a ice 
= if = Y 
z= F l(a, e¥,)/° - Ella, @ YI? (2.42) 


A similar equation is obtained for a S eo » Thus a is the 


difference between the total probabilities of finding in os and ¥ 


unperturbed states which contain a particle in state p. If the 


state p has a finite lifetime, S must be replaced by an appro- 
priate wave packet, and only the real part of _ can be interpreted 
in this manner. Because ep contains no imaginary part (see below 
(2.32)), the above formulation is exact at the Fermi surface. 


From (2.39) it is apparent that the discontinuity across 


a = en ls given by 


ey 








Using the formalism developed in this section, we are now 
able to cast (2.40) into a different form. If we solve (2.32) for 
e as a function of . , we can write de Of (2. 31) interno or 
s and obtain a new function, Vw), which is numerically equal to 


de, Vw) is the "self-consistent" potential, since from (2.31): 
eee ne (2.41) 


To obtain an expression for eS » Wwe operate on the above expression 


with 3/8€,, , obtaining 
ee eee (2.45) 


This can be solved for a/de,(w)s 


L 
so =§ ——-—_—. .. (2.46) 
p ji - ou ma 


From (2.39) we then obtain 


~*~ 


Dd 
ere al: Ere 0 
oes + AB(n,¢) . (2.47) 
p ) be 
1 - 5a Vy) p 


The first term on the right in (2.47) corresponds to the density 
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obtained by Puff and Martin’? (see also Falk and Wilets,~~ Eq. (21)). 


The smooth part in (2.47), which is neglected in their approximation, 


I ae 





Seo 


can be seen from (2.23) to be of order vo 
D. EFFECTIVE MASS EQUATION 


We shall now derive the effective mass equation which was 


34 


first obtained semi-phenomenologically by Landau 


=) 


and later from 
perturbation theory by Luttinger and Noziéres. 
By taking derivatives of o (Eqs. (2.31) and (2.32)) with 


respect to Py » We get; 


p - 
qd x d § 
mom ) =e tp eee eee AR(n,c) 
dp, p In dp, oe y 
Px a ¢ n (i-n,)(1-n)) 
eee | ae n,+ & V ————— 
m dp, . 4 pl3(p4) “£ gy pe 5smn € +€,-€ -¢ 
Dp 2 Oy 
V Ae pias 
mn ;(p£) 4 
; (2.48) 
x lim / . 
= ot ap 0. LF Mp t MP tile + Apt) ny + 
Py g£ P 
n,(1-n_)(1-n, ) | 
a eee Te.s-8 f = 
gm Ptdp,,£3mn . ae mn ;(p+Ap,,£) / 
ptAp i Mm oO 
x 
me 
2 (Ap, =0) Ap. 


We next change all the momentum variables under the summations by an 


amount AP» and observe that ina Galilean invariant system 


V = V 
ptdp,,4+dp,sm+dp,,ntAp, = p4;mn 





Cr 
Nh 


and due to conservation of total momentum 


c ce - € ae = 
ptdp,. £+Op m Ap n+Ap,. 


5 | 
cs Gye e: eae @ (Ap) . (2.49) 
The result is 
p 
d x oi | 
a Se ae n 
dp, p m Ap, 70 “g pli(pl) “£+dp, 
"A+Ap (1-2 Ap Mn ap ) 
> x 6 
aso ae ae nnn rnenenmemeeeneene | Fees) 
gm P45mn € +¢,-€ -€ mn 3 (pt) 
oD £ mm x 
1 
= (Ap, = O)F ip, (2909 


The second term on the right can be identified with 
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poe n,(i-n_)(i-n, ) 
ai on, Oe een ee ee ees 
o nyt RZ PAs\P gm p*3mno e. ee n 


Vian; (p2) + = 


B 


Ou 


£ 6 6 
ep 


Oince ny is a step-function, dn ,/d2,, is zero except at the Fermi 


surface, where its magnitude is -L fh «  w2hus, 
p h Z 
d x x 6 
dp, wD = oa - ne — (g- -k,) bn,6n, AE(n,¢) ° (2752) 





This equation is identical to that obtained by Landau, except now, by 
virtue of the BG expansion for AKE(n,e), we have an explicit expres- 
‘sion for every term in it. 


= po /2ni* and operate with 








If we take w 
Dp |p| ~ kp 
er x p.d/dp. on w_, we obtain 
xyz Xx x p 
tiitlis cos(p,£)5(£-k_) a 
eh Rex F’ én ,6n Bune) 
Zz p=k, 
(2.53) 
1. 9 a 
= ht 503 Mp JO, cos(p,£)(-) gga ABln,€) 
(277) 4p as 
34 


The quantity (~)8°E(n, ¢)/én,6n, et was interpreted by Landau 


£3p 
as (minus) the forward scattering amplitude Of Two particles, 2 and 


p , in the system. We reach the same identification by following the 


procedure by which we derived Eq. (2.31) for o 
E. BETHE-HUGENHOLTZ-VAN HOVE SEPARATION ENERGY THEOREM 


With our formalism we can easily derive the Bethe- 

_ Hugenholtz-Van Hove & 30 theorem which states that the energy of a 
particle on the Fermi surface is the negative of the energy required 
to remove the particle adiabatically to infinity (the separation 
energy) and equals the average energy of all the particles in the 
system. Alternately, the separation energy is the negative of the 
energy the system acquires when one particle is added at constant 


volume whereas the average energy is the energy acquired when a 





La 


single particle is added at constant density. A somewhat more 


ey 


involved derivation has also been given by Brueckner. 

The proof begins with the observation that the totel energy 
E is a function of two parameters, N and p , where the density 0 
is related to the total number of particles, N, and to the volume, Q, 


by the following equation (neglicting spin which gives a constant): 


7 


N ; 1 °F. 3 j22 | 
P=5 5 ; n= (ony? dk = Py jon (2.54) 


O 

Further, since E is proportional to N , it may be written as 
E=Nf(p) where f(p) denotes the (unknown) functional dependence 
on the density. From the definition of the average energy, it is 
easily seen that Bay a E/N. For a free system, the pressure, ig 


must be zero, and therefore at zero temperature 
P~S- (B/i), = 0 (2.55) 
op QO ; 


(since the average energy, E/N, is a function of density alone). 


We can then expand the derivative of E= NE () to obtain 


O 7 of(o) do - 

sy (Bg = lp) +N—SA SS (2.56) 
to show that the separation energy equals the negative of the 
average energy, viz.: 

fo ee oo ee oe oe eee 

“5 ~ 7 8N (EB) a Oo (Fo — " (2257) 


We can now apply the techniques of previous sections to 


obtain another equality involving B/N. Expanding (2.55), we obtain 





iG 3 i 3 a i — =e 3S me ee 
- ne 3p (N), = V So (E), = - ie Bae N Sp (E). =O. (2550, 
- Thus 
EL 
H- dp (Fla - 2499) 


Using (2.54), we can rewrite (2.59) as 


ne Zz on, 4 ge, § 
Be ete ey ee k 





= oe = rie E+E}. (2.60) 
N Q° . 2 ODa Qp o> OP. ony OP. Sey, 


The kinetic energy, E> is unchanged by an infinitesimal increase, 
i| , In the magnitude of the Fermi momentum, but ny. will increase 


by Unicy for k= Pip eke increases by |. Therefore, 


F 
3¢, /OP, = QO and én, /P, = 6(k-p,,) . Using 


= 





Qf ax . 2.61) 
K (aye | 


and identifying 6/6n, (E) with , (2.24), we obtain 





' dk 6(k-p_) = ; (2.62) 
ee ae * Pp 


5 rc 
V = W = - 9 (2763) 


which proves the theorem. It should be noted that this derivation is 


strictly valid only 4f the single-particle enersy, ¢ is con- 


ved 


tinuous at the Fermi surface, since otherwise its derivative with 





eespect Lo Pp does not vanish. 


Ds THE "CHANGE OF PARAMETER" PROCEDURE--USE OF THE TRUE MOMENTUM 


DENSITY IN THE BRUECKNER-GOLDSTONE EXPANSION 


The Brueckner-Goldstone expansion for the interaction 
energy, AE(n,¢) , is a function of the unperturbed distribution of 
particles in momentum space, my and the free kinetic energies, 
es Because of the intimate relation between and P as given 
in (2.22) and (2.31), it is interesting to investigate the possi- 
bility of using the true distribution p. instead of the "mathe- 
matical" a in this expansion. This substitution will force us to 
change free-kinetic energies, oa » to some other energies, a 
In the following we give an explicit derivation of the energy ee 

First, we note the invariance of the interaction energy 


AE(n,¢) under the following infinitesimal displacements of n and 


a 


AB n+), Be AE(n,¢); €7Ay Ta AB(n,€) ) : (2.64) 


‘This can be expanded in a Taylor series about AE(n, ,¢, ) to yield 


AE(n,,¢,) + oe ae (2.65) 


We know from (2.22) and (2.31) that SAE(n,¢)/Se, = dn, and 


6AE(n,¢)/6n,, = Ae Therefore, the above relation shows that if we 


me 
change mn, by A, An, (A, a small quantity) and simultaneously 


change e. by “AL Ae, » the BG expansion remains unchanged up to 


e 





ei 


order Ca 


The above invariance indicates that if we make the replace- 
.ment of n, by , (given by (2.22)) by adding up infinitesimal 
changes, the kinetic energy e in the denominators should be 
reduced by a quantity which is roughiy equal to Ae). in order to 
keep the numerical values of AE(n,¢) and AE(p,w) equal. The 
change in the kinetic energy e will not be exactly Aé. of 
Course, because the above identity holds only for infinitesimal hie ; 
To determine exactly the modified free-energy, Wie» we proceed as 
follows: For a given function of n's and e's, f(n,e), we assume 
we know the dependence on n and e (for instance, for AE(n,¢) 

we have the explicit series (2.8)). Then we try to find the quanti- 
ha 


and w, which aes? 


ties Pp, % 


f(n,e) = f(p,w) . (2.66) 


To find w let us first introduce intermediate quantities 


p,,(A) and w, (A) which satisfy 
p,(0) = = ; w, (0) = 7 , (2.67) 


and require the following relation to be true for arbitrary i 


f(n,¢) = £ Co(a),w(A)) (2.68) 


In other words, 


 £ (p(a),w(a)) = 0 (2.69) 





Qe Using tne chain rule, 








do. (A 5H h),w lr i dw, (hk) 6f p(rA),wlr) 
2 ( ce eA) ) i o{A) an — 
k 6p, (h) da bw, (A) 


Integration gives (taking (2.67) for w,(O) into account) 


bf (a(n) wa"), 





‘ bp, (r") 
0 bf pA!) wa") 7 
bw, (A ) 
Now, let us give p, (A) at = 1 the value p and try 
to find w, (2) A form of p,,.(A) which satisfies both p, (0) = ny, 
and p, (1) =| can be written as 
A) =m, + A(p! - n,) (2.72) 
with this definition of p, (A) (2.71) becomes 
poe a 
£ Coln"),wa')) 
a Bs (A ) 
w (A) = @ - (pt - mn ) J dat : (ero) 
- ‘ . TG sf (o(a ') wa!) 
bw, (A ) 
This is the desired formula for w (A) in terms of p,, (A) ae 
w(2) = wi! is found for given pj , 
(2.74) 


f(n,e) a (a or) 





Now, we can apply (2,73) and (2, (4) vo 


identify Py. 


.energy, and use (2.22) and 


i 


of equations: 


AE(n,¢) = AE(p,w) 


' with the true density, 


es 


AF( n ,e) We 


and w.' with the desired 


eR? k 
(2.31) to obtain the following set 





p, (A) = at Mp, -n, ) 
608 ((A"),w(A") ) 
d 6p, (A!) 
w (A) = - Be? ! Fp eee (253) 
“kK 0 8AE (0(A'), w(t) 
bw, (A) 
C 6AE (o(a"),w(a") 
a 6p, (A') Ac, | 
w, =w (1) =c¢, - Ae, - A ay! -— 
os ‘ sR , 6AB 0(2"), w(h") an 


The equation for w is obtained 


k 


rearrangement of terms by setting 


Wk 


ture as 


equation, SAE(p,w)/8p,, and 


Aé 


= 6AE(n,¢)/6n, and 


the only differences are that n 
strictly speaking, even 

the complicated integral equation 

we tind Lhe 


we utilize AE(p,w), 


6w CA") 


from. that of wn) after a minor 


X = lL. In the last term of the 


SAE(p,w)/ Sw, have the same struc- 


6 SAE(n,¢)/6e,, respectively; 


k 


and wW. 


ane |e are replacea by 9 


if we know we should solve 


Pr» 


be, 15) (co find w,(A). However, if 


following situation. Since the 





uO 


last term of Wo Eq. (2.75), is the difference between quantities 
with the same structure, it is not unreasonable to suppose it to be 
small (it turns out to be second order in v as we show in Appendix 


C, leading to a fourth order error in AE). Then Wey ey Ac, : 


From the analysis of Brueckner (Eq. (2.11) et seg. and Appendix B) 
we know that a large class of the terms in the BG expansion can be 
summed if the energy is determined by a K-matrix defined by the 
integral equation 


(1-n,,)(1-n, 


fe = Vi. . ae oe Vv 
ij 7kz 1UjK2 mm «01037 a ly ny m;kg£ . (2270) 


k £ mm 7 


The interaction energy is then approximated by 
AE(n,¢) = ee K. ee (2.77) 
2 kas (kL) ko 


The self-consistent single-particle energies in the denominator are 
@ consequence of the "self-energy" terms in the BG expansion and are 


approximately ¢, + Ae, . Hence, w, + (self-energy correction) will 


very nearly equal the "free" e. ° Thus AE(n,e) can be approxi- 


mated by replacing ny, with the true and simultaneously omit- 


Pk 
ting the single-particle self-energy correction. I.e., E(p,e) with 
no single-particle self-energy processes is roughly equal to B(n,€), 4 
(the BG meaning that the term is to be evaluated with the full BG 


D 


expansion, including the self-energy terms). Brueckner~-? has sug- 
gested the possibility of such a substitution; Eq. (2.75) indicates 


exactly what the situation is. In Appendix C it is shown that the 





4 


error in the energy resulting from this substitution is fourth order 
in t (or equivalently, in K). Brueckner and tmeteesone” (BM) have 
found that the fourth order scattering terms are of the order of 
half a MeV for nuclear matter, and that higher order terms are suc- 
cessively smaller by a factor of about ten (see Table IV of BM). 
Therefore, reasonably small errors would result from this substitution. 
One should remark at this point that such a simplification 
can only occur in the evaluation of the interaction energy, AE(n,¢); 
it cannot apply to E(n,e) itself. The total energy is approxi- 


mated by 


a a “ik LAE(p,w) J, self-energy (2.78) 


processes 


Of course, one could apply (2.73) and (2.74) to E(n,¢), but the 
physical insight in E(p,w) is not as clear as in AE(p,w), and the 
defining equation of w, Eq. (2.73), behaves differently. Balian, 
Bloch and DeDominicis?! have examined a many-body perturbation theory 
in which n-~op throughout. Suhi and Werthamer 3° nave also 
reported an analogous effect to that represented by Eq. (2.78) 
occurring in the renormalization of the momentum space distribution 
function in their "second random phase approximation." We shall not 
pursue either of these alternate approaches, however. 

By virtue of the close relationships between the parameters 


of the theory, it is possible to obtain alternate expressions for 


AE(n,¢) = AE(o',w') . (2.79) 





LO 


For instance, if we concentrate only on the single-particie self- 


energy compensation after the transformation, it seems better to taxe 


w (A) = ae + Cat 7 e,) 
ae (2.80) 
Ww, = €, + SOE ( wi) 
k k S90. 
k 
Then 
6B Co(A!) ,w(A") 
< : ve 
r Sw, (') 
i k 
65 0(A') wat) 
60, (A') 
Rearranging terms, the latter equation becomes 
Py = nh Ele EAE(o',w') +- 
Ow) 
/ m 
OAK Wie ),w(r )) 
é6w, OV ') 
SE(o',w') oe i 
' t t 
60, (A') 
SAE(c',w') 
Sw 
re (2.82) 
6AE( 9 ' w') 
60.) 


The integral in (2.82) can be expected to be small for the same rea- 
sons that the integral in (2.75) is small. Unfortunately, (2.82) 


does not correspond to the real density and it loses physical meaning. 





Pit 


INFINITE NUCLEAR MATTER AND PHENOMENOLOGICAL POTENTIALS 
A. NUCLEAR PARAMETERS 


There are two experimentally observed phenomena in nuclear 
physics which any theory must explain. One of these is the constancy 
of the binding energy per nucleon (about -8 MeV) throughout most of 
the periodic table. Further information on the binding energy of 
nuclei can be deduced from the success of the Bethe-Weizsacker semi- 
empirical mass formula. A general form of the formula (as given by 


Falk and Wilets”>) is: 


2 2 
a JAt C+ C ee 
Ac Ssuri surf,sy Ac = 


Binding enersy = | c, + an a2/3 


+ Coulomb Energy + o(at/3) + Pairing and Shell Corrections (3.1) 


Because one set of constants can be chosen to fit almost the full 
range of nuclei, it is reasonable to speculate about the properties 
of a large system of nucleons in which the charge and surface effects 
-are missing: "infinite nuclear matter." The mass formula indicates 
that the energy per particle of an "infinite" system in which the 
number of neutrons and protons were equal and in which the coulomb 
forces were absent would be given by a@ single constant, C. = Bay : 
Unfortunately, this semi-empirical binding energy for an infinite 
system has not been unambiguously determined. Two recent values are 


those of Green?” (-15.83 MeV) and of Cameron” (-17.04 MeV). Green 


=3 








et 


fits a formula without explicit atl 3 terms, whereas Canerornm’= 
formula has such a term. Green also fits Cameron's formula (by 1east 
squares) to a formula without a3 terms and obtains -16.34 MeV. 

A more recent semi-empirical mass formula has been reported by Ayres, 
Hornyak, Chan and foo resembling the Bethe-Weizsacker formula but 
having coefficients which vary slightly with A. The extrapolation of 
the volume coefficient to an infinitely large nucleus is ambiguous, 
but two logical extrapolations are -14.75 MeV and -13.81 MeV. The 
authors warn against taking such extrapolations too seriously. 

The second phenomenon which a quantitative theory must 
explain is the ample experimental evidence that the nucleon densities 
of iererneaiate and heavy nuclei are nearly uniform and are also 
nearly independent of nuclear size. A recent general discussion of 
the experimental evidence on nuclear size is given by Preston, 
Chapter 3. The most accurate determinations of nuclear size and den- 
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sity seem to be those from electron-nucleus scattering. The pro- 
cedure used in these experiments is to assume a density distribution, 


which for heavy nuciei is usually 


Po 


p = Trexphtee) (3.2) 


+eXp 





and then to vary the parameters so that the scattering properties 
predicted from the above distribution match those, experimentally 
observed. Thus the half-density radius, ec, is determined (with an 
accuracy of =2%). In terms of the half-density radius, another 


radial parameter, Ly» is defined such that 





C= ok: atl 3 ° (3.3) 


The experimental values of r, are plotted in Fig. 3. For inter- 


A 
mediate and heavy nuclei its variation is very slight, and it can be 


represented as 


r, = (1.07 + 0.02)F . (3.4) 


The parameter 25 is also determined, and in terms of these perame- 
ters one can calculate from (3.2) another characteristic of the 
distribution, its surface thickness, t, defined as the distance in 
which the density decreases from 90% to 10% of its central value. 


The rms radius, a, can also be calculated, and from this the 


radius of the "equivalent uniform nucleus" is determined: 


Re Gi oe (3.5) 


A final radial parameter, ro is then defined in terms of R and 


A; 


R = - atl 3 . (225) 


The variation of ry with mass number is indicated in Fig. 3. Its 


variation is much greater than that of Ll» but for heavy nuclei it, 


too, 1S nearly constant: 


r= (1.19 + 0.01) F (heavy nuclei) . (32%) 


In terns of :. the density of the uniform model is obviously 


Litt -1 
pa (re), (3.8) 








PLou seas Cle DOl ay tOne Og L and ry for infinite 


nuclear matter (A 7 ) 
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The asymptotic value (as A 7 o) of the parameter o can be rélatea 
to the Fermi momentum appearing in the BG expansion through the totul 
density. From (2.25) we have (inserting the internal variables spin 


and isotopic spin): 


Fxfdk . (3.9) 





P (en)? 
peace cums OVer “Span, 6. “and 12s50l0pic Soin. Teach sive 2 2c ctor 
two. We have assumed a spherically symmetric unperturbed Fermi sur- 
face so that 


@ PR 
n7- dk . (3.10) 
B (21)? ‘ i 


oP 


Dividing both sides of (3.10) by Q leads to 


Thus, (3.8) combines with the above relation to yield the following 
equation for the Fermi momentum in terms of the parameter a (Gia 


units where h = 1): 





ieee a e524 a 
— ) /3 an = - ‘ (2e 2) 


O 
KR 
O 


Unfortunately the determination of the asymptotic vacue of 

mr wequires SxUrapolation irom) AvyeJ0 to A =e ! Whe procedure 
WU 

ior doing this makes use of che fact that the surface thickness, t, 


(which is known to about 10%) is observed to be nearly constant for 


all nuciel: 





t = (@.40 + 6.20) F. ve £3) 


Thus, if we assume t to remain constant as the Bystem™. vecome: 
‘infinitely large, then ry and Ly should approach each other in 
the limit of infinitely large mass number, A. Most of the nuclear 
matter calculations to date have been compared with the value 1.07 F 
taken from (3.2) (and corrected to 1.02 F as we show later) on the 
basis that this is more nearly constant than ro3 and, indeed, its 
variation over much of the range of A is less than the 2% error 


assignment. However, as we indicate in Fig. 3, we believe that a 


better extrapolation for this value is 


om 
Wo 
to 
= 
Mig fa 


r= (1.12 + 0.02) F (= os) (A =o) , 


Clearly this extrapolation is not rigorous, and much more accuréte 
determinations of nuclear size are necessary before we can put any 
reliance on such a quantity. However, the above value is certainly 
plausible. Furthermore, the calculations for finite nuclei described 
in Chapter VY Ol this disservavion, wolen aré based on 4 caleulavion 
which yields tS = 1.07 F (when coulomb effects are accounted for), 
have yielded radii which are 12% to 15% too small. It seems quite 
probable that a portion of this error is due to an underestimate of 
the parameter r. in the infinite calculation. This latter possi- 
bility 1S not, in itself, surficient justification for saying that 
_ is greater than 1.0/7 F, but it does lend support to the other 
arouments. 


There are two additional factors which must be taken into 





account when extrapolating the results Tor finite nostlei ge Meatnite 
nuclear matter. These are the repulsive efrects of tie symmetry 
energy (C,. (3-2) 7A) and the coulomb repulsion (since the electron 
scattering experiments measure only the charge distribution). Falk 
and Wilets>> have estimated that the repulsive effects would cuuse an 
increase of r_ of about ae i -LOr tiie Pimice nucleus. conpared 


2 


to the infinite nucleus. Brueckner and Gammel~ obtained a shift of 
go> & for the coulomb eciiecy alone, and consider the Ssymmecury ecirece 
to be negligible in large nuclei. 

Lhe net conclusion from the above considerations is that it 
is evidently valid to consider an idealized "infinite nuclear matter" 
in which the number of neutrons and protons are equal and in wnich 
the only interaction is the specifically nuclear interaction. Our 


theory should then hope to predict a binding energy per particle 


somewhere in the range 
SW ee ee eee 
Ey = (-15.5 + 2.0) MeV a 
and an "equilibrium spacing" in the neighborhood of 
ros (1.07 = 0.03) 2 . (3.16) 


The estimated uncertainties in the above quantities are a direct con- 
sequence of the difficulty in extrapolating to infinity from the 


properties Of Tiliive mucilel. 





B. PHENOMBNOLOGICAL POLENTIALS 


Although it appears that we are justified in consiaering 
the hypothetical infinite nuclear matter, we may well question 
whether we are justified in using an ordinary two-body potential ina 
non-relativistic Schroedinger equation to describe the nuclear 
problem. 

One “Question, fOr instance, is that OL relavivisvic eriecue, 
These are not expected to be more than a few percent. The maxiinum 
relative momentum of two nucleons in the Fermi sea corresponds to a 
jab energy for a scattering experiment of less than 200 MeV. Since 
the nucleonic rest mass is about 938 MeV, we expect the relativistic 
effect to be small so far as it affects the mean binding energy. 
However, excitation energies which are mich greater than the Fermi 
momentum may well be influenced by relativistic effects. 

A second question is the probable existence of specifically 
many-body forces. That they should exist can be deduced easily from 
GAG PicCtire OL LNver-=Nucieon £orces ericing trom une exchange co. pi-= 
mesons. It is probable that the resultant force on a@ nucleon in the 
“presence of two others is not exactly that resulting from super- 
position of the forces between it and each of the other two separately. 
.uch specifically many-body forces have not been experimentally 
observed or qiantitatively predicted theoretically. to our knowledge, 
and we do not believe that their effect is appreciable in the nuclear 
ease. One argument for their insigniricance is the fact that the two- 


body correlation distance in nuclear matter appears to oe less than 





the mean separation distance so that three-body (and higher) 
emcouncters are relatively insignizticanv. 

We conclude that we can treat the nuclear many-oocy 
problem with a two-body, non-relativistic potential. What, then, 
Should this potential bey We shall not go into the details of lite 
determination Of one inter-nucléon potential, but shall indicete 
briefly tne current progress in its determination. The long-range 
part of the potential (due to exchange of a single pion) is now known 
theoretically and apparently confirmed experimentally (principally 
through the work of Breit and his co-workers”). However, the short= 
range part of the potential is imperfectly known, and there aré 42 
large variety of phenomenological potentials (various static poven- 
tials with Yukawa shapes, velocity dependent potentials, and »noven- 
tials which are separable in momentum space) which give very nearly 
equally good fit to the two-body scattering data. The existence of 
Sucn 2 Jaree mimber or Cilierent poventials 16° a consequence oOo: the 
tract that the scattering matrix has not yet been fully determined 
from experincne: HNoperully, as the experimental evidence improves 
further it will lead to an unambiguous potential. Reviews of nucleon- 
nucleon potential determinations can be found in Chapter 5 of Pres- 
ron and in the references cited in footnotes 4 and 44. The poten- 
tial which currently appears to give the vest fit to the phase-shifts 
aeduced from nucleon-nucleon scattering is that of Breit and his co- 


workers? but there are still several arbitrary features about even 


bh 
this potential. The potentials of Gammel and Thaler, whicn vredate 





aa) 
C4 


the Breit potential, have wany fewer parameters and yet most of the 
apparently essential components (central, tensor and spin-orbit 
forces in odd and even states); they also give quite good fit to the 
phase-shift analyses. Both the Gammel-Thaler and the Breit poten- 
tials are characterized by infinite repulsive cores eee = 0.3, 0.4 
or 0.5 F for the GT potentials, and ~ 0.5 F in the Breit potential). 


The Breit potential is of the form 


ve (rz) = Ver) + Vi (rb, + Vplt)S,5 + Vig(r(LS)6,_, + 


+ V{(Qp - (LS)°) . (3.24) 
The operator @, - (L-s)* has the value -L({I¢1) for uncoupled 
states, J = L, and is zero otherwise. yi?) is the one-pion 
exchange potential 
v2) 2) (2), (2) £7 6), 2) Sse 
= 3 byt co 7 sae 7S + a So 5), = 
+ oft) (2) 6¢x) (3.16) 


where y_ is the pion mass, and where x = ur (in units where 
c=he=1). The delta-function term can be neglected in actual com- 


putations. The other potentials in (3.15) have the form 


=24 7 1 : 
= z ae iS, (3.19) 


The values of a and of the coupling constant in (3.16), £*, are 
n 


given in BM. All potentials have a hard core, specified by eo 


Because weighted means of neutral and pion masses are used in some 





states and for other states the neutral pion mas& i168 used, tne core 
differs between these two groups of states. Complete detaiis are 
given in BM. The usual tensor operator is S10" The Gammel-~Thaler 
potentials are simpler in form. They have no yb?) and er com- 


POueuTs, and are of the form 
- Lr pe 
Ve ai Jie (3.28) 


The parameters of each component of these potentials are thus a 
Srvegetn paramever,  V; and & range parameter, Ww. Full details can 
be found in reference 4, and the details on the potentials we have 
employed are in BM. 
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On the theoretical side, Chew and Frautschi have defined 
a relativistic generalized potential within the framework of 5-matrix 
theory and have shown that it plays a role in dynamics analogous to 
that of the ordinary non-relativistic potential in a Schroedinger 
equation. Below the threshold for inelastic processes (the region 
in which we are interested), the generalized potential is real and 
its energy dependence is expected to be weak for the nucleon-nucleon 
combination. Charap, Fubini and pegeneEt have shown that at least 
to moderate energies, S-matrix theory leads to an unambiguous defini- 
tion oF a static potential which can be calculated in terms of the 
exchange of one, two, etc., pions. 

The above argument apparently rules against the velocity- 
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dependent potentials of Levinger, Peleris and collaborators. How- 
ae LO are : 
ever, Beil ~ and Baker ~ have shown that it is possible to transform 


canonically from a local hard core potential to a velocity-dependent 





AN 
XN 


potential or vice versa, and that the two will be indistinguishaole 
from the viewpoint of two-body scattering though they will involve 
different many-body properties whose importance is not yet known. It 
would not be too difficult to check the importance of the many-body 
effects of the above transformation by using both a velocity- 
dependent potential and its canonically related hard-core static 
potential in the same many-body calculation, and we suggest this 
caiiculation as one which should be done. One preliminary calcula- 


pe with velocity-dependent potentials seems to indicate that they 


tion 
do not predict the many-body saturation properties as well as similar 
hard-core potentials. A major advantage of a velocity-dependent non- 
Singular potential is that it can be treated by ordinary perturbation 
theory whereas the static potential with hard core requires special 
treatment. 

Another class of potential which has received considerable 
attention is the non-local potential of the separable type. This 
potential has the advantage that the interaction can be completely 
separated into partial waves (e.g., the spin and isotopic spin states 
_ can be separated), and also the momentum space representation of the 
interaction is particularly simple. Mitra?> has shown that a 
separable potential is also "compatible" with dispersion relations, 
and has undertaken several investigations in the low-energy region 


22,293 


WLU SUC potenutawes. However, there is no reason to delieve 
that the "unique" description of the nucleon-nucleon interaction 


should be a non-local potential, although it appears that at least a 





portion of it may be. Gammel and Thaler’ had concluded that the 
proton-proton scattering data require that the singlet-even nucleon- 
nucleon interaction be non-local, a result which comes from the energy 
dependence of the “So and *D, phase shifts, and Giltinan and 

emer have recently reported a non-local potential with hard core 
which apparently has the proper energy dependence. Whether tneir 
potential fits this dependence better than, for example, the Breit 
potential we do not know; Breit does not report requiring a non- 

local interaction. 


i! 


The question of "uniqueness" for the nucleon-nucleon poten- 
tial is a non-trivial one because the detailed structure of the 
potential (particularly the strength of the tensor force) has a con- 
Siderable influence on the many-body problem even though the predic- 
tions for the two-body problem may be indistinguishable. The vari- 
ation between several apparently equivalent two-body potentiais in 


their effects on the nuclear matter problem is examined quantita- 


tively in the next Chapter and in BM. 





IV. 


NUCLEAR MATTER CALCULATIONS IN THe K-MATRIX 42PROXIMATION 


This Chapter discusses an approximation to the K-matrix 
equations which is considernbly simpler computationally than tne 
Brueckner-Cammel- approximation (see Appendix B). This approximation 
hes been used to Study the nuclear properties predicted by the theory 
ign several diiterent phenomenological povenilals and to Compare 
several recent nuclear matter approximations with the K-matrix 
approximation (see Chapter VI and BM (Appendix G of this disserta- 
tion)). This Chapter begins with a description of the approximation. 
following that, the results are discussed. Included in this dis-. 
cussion are the properties predicted for several different phercomeno- 
logical potentials and an analysis of the causes of the differences 
in Lhese pred cued peer ea. Piso included 16746 Teper, of Several 
ealculations which shed further light on the convergence properties 
of the BG expansion, and on the previously neglected core volume 
energy. The Cnapter ends with a discussion of various sources of 
error in the approximations and suggests calculations which would 


yield further insight into the effect of several of them. 


A. SIMPLIFICATION OF THE K-MATRIX APPROXIMATION 


Brueckner and Gammel? (BG) solved the K-matrix equations 
(2.11) and following with only the two further approximations dis- 
cussed in BG (and in Appendix B) as being necessary to remove the 


dependence of the energy denominato.’s in the K-matrix equation (2.12) 


af 








and of the Pauli exclusion principle operator (which restrict. tne 
momentum integrals to intermediate states outside the Fermi seu) on 
the angle between the total and relative momenta. The approximations 
consisted of using appropriate angular averages of the terms involved. 
The BG results are summarized in Table I. 

In this section, further simplifications of the K-matrix 
equations are discussed, leading to the approximation used by BM. 
The principal additional assumption is that the single-particle 
energy differences in the denominator of the K-matrix equations are 
independent of the total momentum, P. The approximation is accurate 
if the single-particle energies have a quadratic dependence on the 
momenta or if the relative momentum is large compared to the total 
momentum. Even though these conditions are not always met, the 
dependence on the total momentum has been found to be slight? ° and 
the approximation is good. As a further approximation, in the case 
of two holes with relative momentum Kk, the energy denominators of 


the K-matrix (2.12) are modified as follows: 
B(P)k) - w (Z) - wo (Z) + ala, - wx(Z)] (403) 


with k and k* being the initial and intermediate relative momenta. 
The particle energy, w #(E) , is defined in terms of the most 
probable (or average) energy, %, of the holes with which two 
particles of momentum k* interact. Thus the particle energies are 
uniquely aefined in terms of the momentum k* alone (instead of 


beinz a function of an energy parameter, 2% , (2.18) in addition to 
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Potential GCT BGT 
Binding energy (-E) (in MeV) oe 15.2 
iquilibrium spacing, r. (in F) 0.95 1.02 
Bifective Mass at Fermi surface OQ. (eM Os 75 

| 


Wa0te 1. Predicted mucléar properties reported by Brueckner and 
Gammel’ for the Gammel-Christian-Thaler potential of Tabie II and for 
a slightly modified Gammel-Thaler potential. (Table I of BM). These 


potentials are referred to respectively as the GCT and the BGT 


potentials. 
State 7 
(MeV) 
triplet even 6395 
singlet even 905.6 
triplet odd 150 | 
singlet odd nas 





La 
Table II. Parameters of the Gammel-Christian-Thaler aeeent iat 
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the momentum). For particles of relative momentum k' outside the 


Fermi sea, the energy denominator is 


a ¢ ye to< 
2 LO ve a} A k a 
or 
WO = W Si , 4.2 
2 (w= %» ©] - k' > Py (4.2) 
The "mean excitation energy" A was set equal to w  - WwW 


Pp p=0 


Another way to view the above approximation is to recognize 
that it is equivalent to the assumption that the potential energy of 
two particles of relative momentum k is independent of the angle 
between their individual momenta and independent of their total 
momentum. ‘Therefore, their momenta can be taken to be equal and the 
angle between them to be 180°, and it is apparent that their poten- 
tial energy is just twice the potential energy of @ single particle 
of momentum k. Similarly their kinetic energy is just twice the 


kinetic energy of a single particle of momentum k, and therefore 


~~ 


~ L - a . Oo F 
OK = 5 (,-B,)) = "Py, + YD, = ew. = ak /2M 7 V(x) | (3) 


CONSISteENnt With the accuracy Of this approximation, the 
totul monentum P, which enters into the treatment of the exclusion 
srinciplie (see (B.33)) is replaced by its average value P, (asa 
function of the relative momentum, k). This can be calculated in a 


straightforward manner, and is obtained from 








(Legere eo) 
> oO 
= z t DP 
ae ae a (1 -— Ses ie) 
ho TR > 1k F 
cos a 
Pp 


hor kK > Po» P is assumed to be zero. 

It is apparent that the resulting computational simplifi- 
C2ti0n. is Considerable. im the first place, this approximation 
yields a single excitation spectrum which depends only in an average 
way on the particular unexcited states from which the excited 
particles come. Further, the angular integrations which occur in the 
computation of the single particle energy (2.13) or (2.17) can now 
be done explicitly, whereas in BG it was necessary to do one of ther: 
numerically. 

The equations to be solved are quoted below, with a note 
on the method of solution used by BM. They are listed in the order 
of solution; the full system is solved self-consistently by iterating 
the series of equations until the new Bay agrees With the previous 
energy to within desired limits. See Table V of BM for a sample 
» 1teravion sequence. Three iterations generally sufficed to optain 
agreement to within 0.1 MeV if the initial energy spectrum was 
approximated by the kinetic energies alome. The meshes used are 
described in detail in BM. The transformation to coordinate space of 
equations (2.11) through (2.18) is treated in detail in BG and in 
Appendix B. The equations below are obtained from the transformed 


equations of BG in a direct manner. 





ON 
NM 


The equations to be solved are: 


1) Green's functions, solved by numericai integration to 


, a: ac 
an intermediate value of k", with a Padé approximant~~ used for the 


remaining integral: 


0p, kak" 5 (k"r) 3, ("r')£(P,k") 


CA (rr! = ae | a ee ae 


k v 
em O ef, oa wad 


M a 1! : i 4 1! 
ee | dy Ue vr) Jj )(k r' )dk (4.5) 
OTT 


a 


i 


for on-energy shell propagation (holes), and with the denominator 


defined by (4.2) for off-energy shell propagation. The Pauli step- 


munetion, “f.P.k'), is given oy 


= — 
fea) =o Ke 4 = P < De 
a iS spas p (4.6) 
Co F 
“Ne E = BS 7 Pe 
=O otherwise 


with P given by (4.4). Note that for the integral from 1p, to 


infinity it is assumed that 


ne : 
2 [= Bu] ; -k""/M . Cg 
k" 2 10p, 


The energies used in (4.5) are those calculated on the previous 
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iteration (and on the first iteration are just the kinetic efergies). 


2) Plane wave basis functions and Green's functions modi- 


fied to vanish at the hard-core radius, r 


s (kr) = §,(kr) - 3,(kr Ofer )/Gl(2 or) (4.8) 


L ' h 4 ee | 
R(r,r ) = G(r,r ee GAr vr jG (rr )/G (xr sr) Pte) 


3) Radial wave functions, solved by iteration with 


s (kr) 6 as the first guess: 


Ld! 
Js ee 2 ZL! 
= ia ' : I 
Vogt (k,r) s (kr), , “- AT ay r'vdr'Fy, (ro) 
oyu Js . 
Vorgn (f' Us Ck r') . (4.10) 
The ee are the appropriate phenomenological two-body 


poventisls defined in Chapter Lit. 


4) K-matrices, computed by numerical integration: 


Jt+h 
uw ’ = eo x 
= = 2 C aa 
Kee = KO) = EOE Saas ody OR WE tere) + 
© 5 J+L ' 5 
+ Un 7 ear s (xr) Qs Vigt “(r)U,,, ~ (x r). (4.11) 
S 4 el : AN 


The statistical weights, Cr are given by (B.48) in Appendix B. 





Cpe 


5) Single-particle potential, also computed by nuwerical 





integration: 
Par oi P 
eee Oo 1 a t t 
V(p) = 2 J a Not sy 2 em aT Not si) ‘ 
TT @ TT | Pp-P| 
e 
pe -p -uk'* 
x (1 + ) : (4.12) 
Lok! 


fer: Dp = Pp the first integral vanishes. 


6) Mean energy per particle (see (2.11)): 





2 
p 
Sea 3. PP 2 
Bay ~ 5 OM et a p dp V(p) . (4.13) 
ep 0 
F 
Graphs of s (kr) and Ce =) are included in Appendix F. 


Figures of the other quantities may be found in BM. 


The equation for the single-particle potential, (4.12), is 
not e.plicitly derived in BM. It can be obtained from (2.13) (for 
holes) or (2.17) (for excitations) as follows. The sum over states 


in the Fermi séa is converted into an integral, viz. 





= a io: 
Ziti ee d~p . (4.14) 
Ip,| = Pp 


To convert this into an integral over the relative momentum 


i 
aa oy (4.15) 





where p is the momentumoft the particze whose potential energy 1s 


nae 





being computed, one uses the fact that dk = - 1/8 dp, so that 
2 ar 
_P to a PKR ax Pf 
W = = - ) dp | kdk | d(cos O)K 


(iG 
Ip, = lp-24l <3, 


Taeorder to determine the limits of integration, one mist consider 
miree ditterent casés. For p = Pp if [p + ek] s Dp Pee 
apparent from Fig. 4(a) that the limits on the cos g integration 
are i to -l, and the integration over cos @ gives a factor -e. 
the kK limits are obviously O to (Dep py ee Pr 24) > Py 
(i.e., k lies between (Dap - p)/2 and its maximum value, 

(p,, + p)/2), the upper limit of the cos 9 integral becomes 

“(pp : a - (2k)*)/kkp (see Fig. 4(b)). For p> Dy» there is 
only one possibility, Fig. 4(¢), with cos 6 going from 1 to 


— Lk-) /likp. The k limits are (p- Pele to 


(pe =: 
SP FP 
fy = Da)/2. Putting these limits into (4.16) and doing the cos @ 

integration leads to (4.12). Eq. (2.8) of BM differs from (4.12) by 


a Constant. tactor, 3/2: the Cras defined in that paper are modi- 


fied accordingly. 











Fig. 4. The three possible situations for the angular 
integration leading to Eq. (4.13) for V(p): 
(a)}psp,, Ip+ | Sp, ; 


(c) p> p,. 





(a) 
(b) 
(c) 
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B. RESULI'S 


1. Variation of Predicted Nuclear Properties with Choice of 


Phenomenological Potential 


Table I of BM lists the parameters of several Gammel- 
Teer potencies. and Table II the parameters of the Breit poten- 
tial.? A full discussion of these potentials is included in Section 
LV of that paper. In Fig. 5 and Table III of BM the variation of 
the Bay vs. t curves predicted by the simplified K-matrix approxi- 
mation for each of these potentials is clearly indicated. For the 
several Gammel-Thaler potentials with 0.4 F cores, the minimum Bay 
varies from -14.1 MeV at 1.08 F to -22.3 MeV at 0.90 F. It should 
be noted that the potential which yielded the least binding had the 
strongest tensor force (and the weakest triplet-central force) of the 
various potentials and that the downward shift of the curves for the 
various GI potentials corresponds to steadily increasing triplet- 
central forces and weaker tensor forces (these being the two 
parameters which Gammel and Thaler could not uniquely determine). 
The Breit potential, one of the most recent and most carefully deter- 
mined potentials, yielded -8.3 MeV at 1.28 F. This is to be compared 
with the BG result for the 0.5 F core GCT potential, -18.5 MeV at 
0.95 f. Since the Breit potential has a very strong tensor force 
and correspondingly weak triplet-central force, and the GCL potential 
nas an extremely strong central force and a tensor force which is 


proportionately much weaker, this very small value ror the binding 








Ere. -o. Fay vs. © as computed with the t-matrix 
(defined with kinetic energies in propogators but obeyizg 

Pauli principle) compared to the same quantity as computed 
with the K-matrix (defined with self-consistent energies in 


the propogators - i.e., accounting for the "self-energy" 


terms in the BG expansion) . 
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energy with the Breit potential, and the large value of ro» are 


quite consistent with the general trend observed for the GI poten- 


tials. 


This pronounced variation of the many-body properties of 
these several potentials is a direct consequence of (1) the Pauli 
exclusion principle, (2) the self-energy effects, and (3) differences 
in free-particle scattering properties. In the absence of either of 
the first two effects, we would expect that all the potentiels, 
insofar as they identically duplicated tne two-body scattering 
results, should give equivalent results in the many-body calculation. 
Or COUrse, there is some Verilance in the way these potentials 210 
the two-body data; however, the several GI potentials were indis- 
tinguishable in the sense that the two-body data was "equally well 
fitted" by all of them. The Breit potential is believed to give a 
better fit to the two-body data than the GI potentials, but it is by 
no means Gmeanee? 


In order to obtain a measure of the relative importance of 


the Pauli principle and the self-energy effects on the differences 


_ between these potentials, we have indicated in Fig. 5 the Tirst 


iteration results tor Several potentials, as well as the final, seli- 
consistent results. The first iteration is performed with the kinetic 
energies in the denominators of the K-matrix equations (i.e., the 
reaction natrix is just the t-matrix, Eq. (B.1) of Appendix B). The 
various potentials should (if they are truly equivalent from the two- 


Lody scattering standpoint) yield identical free-particle scattering 





~~ 








matrices. The slight variation between the various t-matrix curves 
ii@its 5 Lo Ulererore partially due tO diiierenc exclusion princi pie 
effects between the various potentials, and partially due to minor 
difierences in their two-body scattering properties. The relative 
importance of these differences is not known. 

The differences between the t-matrix lines and the K-matrix 
dines in Pig. 5 @re due almost completely to self-energy processes -- 
ies, averaged Literactions between eny Ewo particles and tae rest of 
the system. There is a small (essentially negligible) variation 
caused by the fact that A varies between iterations because it is 
detained in terms of the energy spectrum from the previous iteration. 

The results shown in Fig. 5 indicate that about one third 
of the difference in the saturation properties of the various poten- 
tials is due to the exclusion principle and to the differences in the 
free-particle scattering properties, and that the remaining two- 
thirds of the differences can be attributed to self-energy effects. 

<here is another manifestation of the effect of the seif- 
energy terms: the importance of the single-particle potential 
energy, defined by (4.12), in these calculations. In Figures 6(a) 
and 6(b) of BM this single-particle potential is given as a function 
or the phenomenological potentials and as a function or Dp Lhe 
important thing to note about the variation is that energy difrer- 
ences calculated from the various curves will differ (as well as the 
energies themselves). This is important because only differences in 


cnergy appear in the K-matrix denominators. Fig. { or BM indicates 











the results of a computation in which V(k) was not allowed to vary 
with the Fermi momentum. The saturation is not properly predicted 


mae all. 
2. Convergence Properties as a Measure of Higher Order Terms 


A considerable amount of data was obtained relative to the 
convergence of the perturbation calculation, and much of it is 
directly interpretable in terms of high order diagrams. 

Fig. 6 of this dissertation and Table IV of BM indicate 
the contributions from various orders of the "Born approximation" 
(see BM for a full discussion or how the Born approximation was com- 
puted). The term "Born approximation" is used here to refer to the 
effects of successive orders of that part of the potential which is 
outside the core since the core is treated (almost) exactly py the 
Brueckner approximation and does not enter into the iteration 
eequence.  Inis comment 1s applicable to all the perturbation 
sequences discussed in this dissertation: the core has been treated 
independently of the rest of the potential, and the perturbation 
. sequences are a function of the remainder of the potential. It is 
Quite apparent from the data obtained on the Born approximation that 
the modified Born sequence converges rapidly for nuclear matter, but 
nO SC Fapicly Thar iv can be Cruncacead without appreciable error 
Detore third order. “his is privarily 2 dene caieies of the strong 
beneor Torces wiieh Mave mo ellcer in divs. cCrder. 


The contribution of the self-energy diagrams could aiso be 








Ti 


obtained directly. To see how this is possible, let us look at the 


expression for the four possible variants of the first diagram in 


Fig. [(a): 


nn, (1-n_)(1-n,) 
ee “cd smn (¢ eee \< “ion ; (4) 


| & (Vv, avs ee _ \yov. ; n, | 

U3 OY 5365 (gi) M505 (52) ams (3m) jn3(jn)?9j4 
The four terms in the square brackets come from the four possible 
lines on which the bubble self-energy insert can be placed. Now look 


at the following term extracted from the K-matrix expression for the 


energy 
kémm k43mn arate m;(k£) (4.18) 
k £ m n 
with 
= = » 2 mE 
MH = ey tM = ey Fe Bee (4.19) 
: -1 a 
If we expand the denominator as (1+x) ~ =1-+-x+x -..., we 
‘obtain the following term (among others): 
nn (1-n,)(1-n,) 
“kg jm See “nm 3k 
eg” Sm on 
Vv. 1 \tV. eer a a ae 
os ( jk3( jk) g23(52) “jm; ( 3m) jn3(gn)? j 
; (e, +6 ,-€ 7) 











Fig. 6. Diagrams contributing to successive Born approxi- 
mations. Energy below each diagram is a representative contri- 
bution for that diagram to the mean energy per particle: (a) with 
free kinetic energy propogator; (b) with self-consistent propo- 
gator. The contributions indicated do not include the core re- 


Pulsion. 


Fig. {. Leading self-energy diagrams contributing to the 
self-consistent propogator: 
(a) lfe> ie - (v-v')/e> ; 
1) /o= L\=/e2 
(b) lfw - l/e - (V -V')/e’ + (V - V')*/e 
See Table III for typical contributions to the mean energy per 


particle. 


Fig. 8. Lowest order diagrams in successive major iterations 
which were not included in previous iteration. Representative 
a ee to the mean energy per particle are indicated 
below each diagram; the figures represent the contribution On 
ali new diagrams involved in the given iteration. Core 


repulsion is not included. 
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This is identical to (4.17). In order to calculate the self-energy 


terms represented in Fig. 7, then, one simply expands the self- 


ecOmei Stent denominator in a power series, and truncates the series av 


Pomwbels Orders. USine just the Tirso. term Gr uhe series. 


Itt 


i: i 
a (21) 


6. +o =c =e 
a a eas! 


in the equation for the K-matrices yields the t-matrix defined by 
(B.1). The results of this approximation are the sum of all the 
direct Born terms (Fig. 6); these results are graphed in Fig. 5. 


Using two terms of the series, 


OY jes (gh) Ygs (4) “ams (hm) Yan (jn)? 
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fY 
t 
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GE, Fe  -E€ <€ arenes ea 
k £ mi on (ey, © am Sn 
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1 y-V' | 
a 2 Chee?) 


where the V's are defined by (4.19), but with t-matrices instead of 


K-matrices, yields the sum of all the terms in Fig. 7(a). The first 


_ three terms, 





2 
1 v-v' | (V-V') 
S = 5 7 3 (oe?) 
e e 
yields the sum of all terms in Fig. 7(b), etc. 
Only one other minor item needed to be determined -- what 


value of A (the "mean excitation energy") should be used in the 


t-matrix equations for computing the particle energies? In the 








normal calculation, the A used for any given iteration is simply 
iWieaclirerence between wie ciriele-particle enersy au the berm sur 
Roace and at the boLtcom Of the Perm: séa. [nis meanc tia A varies 
from iteration to iteration, and this variation actually tends to 
improve the iteration sequence. For this calculation, however, we 


used 
2 
A = 0.75 pe /M (4.24) 


which is equivalent to an effective mass approximation with 

M* = 0.667 M, a value which is consistent with the mean effective 
mass calculated by Brueckner and Gammel and also consistent with the 
final results obtained in this calculation. The following iteration 
sequence was obtained with this approximation, compared to the 


sequence in BM (Table V): 


major as "De FG A = 0.75 Dp /™ 
LGeraoien trom Orevicus 1vera von 
- ~ 32.963 - 33.166 
2 ~15.720 -14.311 
2s) 
3 -16.936 -17.084 
4 -16.887 -16.943 
The upove data is for the BGT potential with Ko Sb. oe po he 


value cnosen for A has no effect on tne first iteration value: 
the @G@irverence above is due to the fact that the wave functions were 
.verateu only three times for the first value in the left column and 


were iterated seven times for all others (with the iteration 
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procedure being to use the same tadle of U(r) Tor both gage of 
(4.10)). The close agreement of the two figures indicates the 
rapidity of convergence of the wave function iteration scheme 
employed in these calculations. 

In Table III are the results of this calculation for vari- 
ous potentials and various values of the Fermi momentum (recall 
Eq. (3.12) relating Pp to ro). The results for the BGT potential 
at Pr ede iw indicate the slow convergence of the sequence of 
diagrams in Fig. 7, or, equivalently, their importance in the calcu- 
lation of the system energy. It is interesting to note that the 
Weaxer the tensor force the smaller the contribution of this vyoe of 
diagram (and the more rapid the convergence of this expansion). This 
Supports quantitatively our assertion that the principal difference 
between these potentials is in their effect on the seli-energy 
diagrams. The results tabulated in Table III also indicate that the 
self-energy diagrams become less important as the density decreases -- 
indeed, their dependence on the density is very pronounced. The 
absolute values of the energies indicated in Table Ill are fairly 
sensitive to the choice of <A and therefore only the relative rates 
of convergence can be considered significant. 

The final class of diagrams we are able to compare are 
those indicated in Fig. 8. The contributions indicated in that 
rigure are taken from Table V of BM. This sequence is else. rapidly 
converzent. It is interesting to note, nowever, that the convergence 


os this sequence is consideraoly better at low densities than at high 





Potential GT 4100 BGT GT 4400 














Pp = 1.32 po 
i/e | 26.1 925.4 
fe = (v-v')/eo oa ie 
Dp = 1.42 et 
1/e -29.4 
tie = (v-v')/eo Oe 
Le - (v-v)/e% 
+ (vV-v')*/e> ie = 1O.9 
Pp = a a po | 
1/e -32.9 | -33. 
ij/e - (v-v')/e" + 5.7 ey 


i/e - (v-v')/e* 
+ (vv!) /e? -21.2 

ia Gee 

+ (v-v')*/e? - (v-v')7/e" 





Table III. Variation of the contributions of the self-energy dia- 


, 


erams (Fig. 7) with the Fermi momentum and with potential. GT 4100 
has the strongest tensor and weakest triplet-central force of the 


three potentials. GT 4400 has the weakest tensor force. 
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dens1cy;5]e-.G-, 10r the BOGE povential we obtained tne tol lowi: 


sequences: 
Dp = 1.79 Ft 1.52 R74 
-42,703 - 32.963 
-11.507 aioe 720 (426) 
Sle, Tio Pies] 46 | 
-12.913 ~16.887 . 


3. Core Volume Energy 


In Fig. 3(a) of BM it will be noted that the K-matrix 
reaches a maximum at about k = 1.7 Pa and then begins to become 
tess repulsive. This behavior is clearly not correct because at high 
momenvuum Che iInveraction 1s essenvially due to the hard core elone 
and should increase with increasing momentum. The main reason for 
this behavior of our K-matrix is the nezlect of the core volume 
g 
energy, recc.tly shown by Bethe, Brandow and Petschek” to be more 
important in the off-the-energy-shell calculation of particle ener- 
sies than had previously been supposed. In particular, these authors 
claim that the momentum range between 2py and 4D is very impor- 
tant in cne overall calculation (c.f. the BG and BM range lying below 
2.6p..) uni that in this range the core volume cerm is sufficiently 
Sle, wine bNe potential enersy becomes positive ana LS proporvional 
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to x . They have calculated the energy spectrum at Dp = le. 


with the BGT potential, using their "reference spectrum" method (see 
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Chayter VI), but have not performed & quentitetive calculation of the 
mean binding energy. We have used their energy spectrum, ootn with 
and without a suggested modification to account ror the three-pvody 
cluster term, and have obtained the results tabulated in Table IV. 
The expression for the excitation spectrum in the BBP approximation 


1s 


ie 
ae = A, > rs (227) 
eM” 
Wiere A, 1s given as -5.5 MeV and -10O MeV in different parts of 


their paper, and with M* = 0.77M without the three-body correction 
and i = 0.88M with it. They have also estimated tne hole energies, 
and when combined with the above spectrum, they obtain the following 
expression for the energy diiferences in the denominator of the on- 
energy-shell K-matrix equations: 


5 ae 

c Dr 

-.75 =. (4.28) 
M 


Tne results, indicated in Table IV, are rather large. The 
"core volume" effect appears to be about +8 MeV if the three-body 
term is allowed for in the manner suggested by Rajaraman, and the 
three-body term appears to yield something between 6 and 9 MeV 
attraction. However, we note the sensitivity to the exact value of 
A, (a 4.5 MeV change yielding a change of 0.5 MeV in the binding 


energy), Wie; 1d Catles Unauw the CelaLledyecuructure ol tne <7eita- 


TLONn SvGC@erch in Low momentum staves is not entirely neglizitm@e; the 








Ly in MeV 
AV 


With 3- body Without 5-vody 


! COmrecti on egrrecvr. 0 
Mo = .88M Mos .77M 
BBP hole and particle Spectrum -7.13 + 1.94 
BBP parvicle spectrum; self- 
consistent hole spectrum | 
S25, -8. | 
A, Be Gee | 
A, = -l10 -3.9 =. ‘Be U | 
BM | ~16.9 
Da = Le 


Table IV. Mean energy per particle obtained with BBP reference spec- 


trum (see text) for Py = .5 oS 


reference spectrum is defined to give agreement at 2.6 Pps 
Secondly, the fact that the three-particle contribution differs so 
MUCH Jin the Gwo approximations Indicates (nay 221s Ssuill nov well 
understood, and for the reasons indicated below, these Tigures shouid 
not be comsidered correct. Finally, the sensitivity orf the calcula- 
tion to the value of the paraneter M” (the change fron .77M to .88M 
Lucreicing the attraction 6 MeV) indicates the importance of deter- 
"ies Lois parameter precisely, and whso sugsests that the efiective 


Loss approximation may not be sufficientiy quantitative. 
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the so-called "dispersion correction, ' 


There are several corrections wnich must be made to the 
fesulvs obtained with the BRP reference spectrum. One or these 1s 
' @ correction for the differ- 
ence in the reaction matrices as computed with the reference specvrum 
and with the true energy spectrum. It appears from BBP'S vstimates 
that this may be about -3 MeV. Another problem comes from the fact 
that the above spectrum takes the core into account in all angular 
momentum states. They also include the attractive effects of tre 
Outside potential, but in our calculations we include neither core 
nor attraction for states with 4£>e. To be consistent, we should 
do so and would thus obtain an undetermined amount of further attrac- 
tion. Finally, it is probable that the BBP method for computing 
"off-the-energy-shell" may be enhancing the repulsive effect in the 
excitation spectrum, whereas the BG and BM procedure inhibits this 
eifect. To see this, let us look at the manner in which BG and BBP 
treat the energy denominator for the K-matrix used to calculate the 
energy of the particie n , in, for example, diagram 4(d) of Fig. 1. 


The BG prescription is to use (at the horizontal line in the dia- 


. gram): 


Wy FW, Ws <i A (4.29) 


w 


where 





A=W - WOW = Yn 5 (4.30) 


WHercas the BBP prescription is 








OW. + OW, - WwW - ws = WwW Ma, + 2 a a aot 
5 Av r "$s m 9 “AV r s n (is. 31) 


where OW, ™ Ww +w is the average energy or a particie in 


Av k 2 oe 
the Fermi sea). The last equality in (4.31) is a consequence of 
Memencum conservation, since for Pp, very Ie ree. Pr = - Pp, 
Clearly the BG and BM treatment neglects the fact that one should 
compute farther and farther off the energy shell with increasing 
momentum. However, (4.31) may not be sufficiently accurate in the 
intermediate region below “Dep 

Because of the uncertainties indicated above, a reliable 
estimate of the effect of the core volume term on the mean energy is 
not at present possible. We believe the properly computed efrect 
Will be less than 2 MeV, but suggest that a computation should be 
attempted with the energy denominators properly accounted for (as in 
the procedure suggested in the Appendix to the Brueckner-Gammel 
ee) and with the core volume term included. The method for 
doing the latter is indicated below. 

The problem of the core volume energy comes from the fact 
that aithough the wave function vanishes within the core, the poten- 
tial there is infinite and the product vY¥ may therefore be finite 
and non-zero. In the two-body scattering case this product vanishes 
everywhere but at the core boundary, and the equations of this sec- 
tion (e.g., (4.10) for the radial wave function) are exact. Let us 
now rederive the wave function and K-matrix equations in the presence 


ef the hard core, Keeping ail verme: 








Co 
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We will drop all indices at first, and treat S-waves only, 
for simplicity. The extension to all 2 values is quite odvious. 
Tne integral equation for Une radial part of tne wave Tunction is 


(see Eq. (51) of BG or (B.38) of Appendix B): 


U(r) = U(r) + bn f Gls, 2! vr" ur )e!ar'. (4.32) 
Le) 


We now assume that 
Vir')UCr') = hb(r'-r) + wlr') r' <r es 83) 


where w(r') is the core volume term which has previously been con- 


sidered negligible. Substituting (4.33) into (4.32) leads to 


r 
U(r) = U(r) + ire © MG(r, x) + ut | Soe eae 
O 


+ dn [ G(r, rt )V(r')U(r') rar". (4. 34) 
oe 


c 


betting Tf = r then yields the followins equation tor <A; 


U(r.) = 0 = U(r.) + bite © AG(r sr )V(r U(r.) + 


- dy nc ees wr )w(r')r!ar' 3 
“O ee 
+ lin : G(r ,r*)V(r' U(r! )r ar! (eso) 
ome 
C 


This equation can be solved, and 
“1 a \ 2 
uU_(r_)+un lf o(r Pe or ar ee G(r_,r')v(r')u(c' )e'Far' 
O & ; ie ee S 


' = f 
Late G(r.r,) : 








OT 


Eq. (4.36) for \ is then substituted into (4.32). The resulting 
equation can be simplified by using the defining equations for stick) 


and F(r,r'), (4.8) and (4.9): 


U(r) = s(kr) + Un eee ime 
“O 
nto CO 
+ dn Pree ae nda” ©. (4.37) 
O 


The last term is neglected in the BG and BM calculations; its neglect 
probably has a negligible effect on the energy. 

However, continuing to the «A-matrix equation, one odtains a 
term whicn apparently is not negligivle. In configuration space, the 


K-matrix equation is (schematically) 
K= | @VY, (4.38) 


a familiar equation. In terms of tne radial wave functions. w..is is 


Keun f U(r)v(r)u(r)rZar = unr 2U (r), + un f° UL (r)a(r)rfar + 
“QO 7 e oO a O . 
+ dn f U (2) V(r )U(e) rar a (4.39) 
Hy 
es 
2 
ue (eu; CO D ate 
= = et s(r)V(r)U(r)x"dr + 4n ' “s(r)w(r)r ar 
G (2 Q98Q) re 


It is now necessary to obtain an equation for «w(r). To do 
mis, We operate with [E(P,k,A}) - H(P,«')] on (4.37). First we 
sestore the indices, write out the definitions of s(kr) and P(r,r') 


in (4981) and use 








Vy eg | 


an atgt ot) = \6(r'-r) + W ght") On 


a 


‘to obtain (eliminating \ as before) 


Js ; . G (rr) 
Ugg: br) = dyer )b),, + 5 Cer.) Gor) Pgs * 


2 G(r,r JG, (rr ) 





+2 i G Gea = » W a ee ; 
a" a ae 
= 26 Gitar) 
(4,41) 
Then, assuming that 
(B(P,k,d) - B(P,K')] G(r,2") = = 8(r-r') (4.42) 
: Tr 


wiach 1s strictly valid only in the absence of the exclusion princi- 


pee. We Obtain, Tor ros ryt 


(kr )6(r-r,) 


5 
ws 
ts 


O = (E-H)j,(kr)6,,, - 3 
: ha 4 Cys os \4arr . 
X& c C cS 


6(r-r.) ; G(rFt) 
ee Ce) Se (ear. (443) 
Lh Ctr er) utr : se 


It is apparent that 


(r) = (E-H)j,(xr)6 (4. 4d.) 


45 
Lo LL 
mist oe tne solution if the first and third terms are to be equel. 


dnen. looking at the last term, we see that 











7 6(ri-r) 
[G(r ,6')(E-H)§ (ier! ar = j,(se')dt 
Lint 
= J, (kr) (4.45) 


so that (4.44) satisfies the full equation (4.43). Writing ouv the 


equation for w(r) in terms of the energy eigenvalues, we nave 


= 2 Pe = wi = 2)- a ae 
D(X) = w (k 5 eo (k 5 P,2) Sg : (446 ) 


. a\ oe 


This equation vanisnes identically for the on-enerzy snell caicula- 
tion of hole energies because w(k + 
A = 0. However, for the off-energy snell calculations, wnere « is 
just a parameter and A#O, the contribution from this term is nov 
negligible. It would be easy to include in the full calculavion, 
however, just by adding such a term to the wave function and tne 
K-matrix equations. 

fue error in the above treatment of the core is essentially 
that due to the neglect of the exclusion principle in (4.42). In BG 
this is shown to be less than 0.1% of the K-matrix in tne case of 
hole energies (where the exclusion principle is the only reason the 
eore VOlime Contribuvion 1S nov identically Zero asin tne approxina= 
tion abuve). For particle energies tiie exclusion principle siould 
Luve cven less effect (particularly us tre particle momentum oecomes 
very us &. zreater than the Fermi momentw..), and consequently we con- 
moe Get the nezlect of the excliusior principle will cause wal: 


fom laeitie érror. 
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C. ERROR ANALYSIS 


The analysis of the errors in tne nuclear matter calcula- 
atan just described is extremely difficult for several reasons. In 
ene first place, the basis for tne entire calculation -- tne inter- 
nucleon potential -- is imperfectly known. Secondly, tne "experi- 
mental" results with which an infinite nuclear matter calculation 
should be compared are ootained by a drastic extrapolation, and are 
consequently imperfectly known. Finally, the large (infinite) 
number of "diagrams" which the theory does not account for have an 
effect on the calculation which is virtually impossible to estirate-- 
no satisfactory calculation having been attempted to date -- even 
though (as discussed later) it appears "reasonable" to expect their 
cumulative effect to be small. We are therefore in the position 
that a quantitative comparison of the theory with "experiment" is, 
at present, Quite unsatisfying. Whatever "error" appears to exist 
cannot be pinned down specifically to any one of the possible sources. 
That the extrapolated "experimental" mean energy and equiliorium 
spacing appear to be within the limits of the variation in these 
properties predicted for the various phenomenological potentials 
(which are known to be non-unique) is an argument for believing the 
theory of infinite nuclear matter is quantitatively correct (see 
Fig. 5 of BM). A study of the possible sources of erros in the 
cheory and in the calculations appears below, and supports tne above 


conelucion insofar as one is adle to estimate the effects involved. 








1. Contrisution of Neglected Diagrains 


There are several classes of diagrams wich are not s.iumed 


in tiie K-matrix formalism. The first of these is the group oT oo- 


called. rearrangement energy diagrams. These are the diagrams cor- 
responding to the derivative term in (2.34). Several of the lowest- 
order dlagrams are indicated in Fig. 2. As indicated, the lowest- 
order rearrangement diagram is fourtn order in the interaction, v. 
The contributions from the diagrams in Fig. 2 have been calculated 
and their effect on both the single-particle potential and on tne 
binding energy of nuclear matter have been ed he energy 
spectrum for holes was shifted as mich as +35 MeV (for zero momen- 
tum), and the energy at the Fermi surface (where the shift was about 
+12 MeV) was then about three MeV more negative than the mean binding 
energy, in good agreement with the Bethe-Hugenholtz-Van Hove theorem 
(and considerably improved over the approximately 15 MeV rearrange- 
ment energy obtained without consideration of the diagrams of Fig. 2). 
The effect on the mean binding energy was repulsive, and was about 


c 
ac MeV?" The rearrangement corrections are discussed furtner in the 


Mext“Gaapter in connection With the treatment of finite nuclei. 


Two other classes of omitted diagrams are indicated in 
Fig. 1. The first of these is the ‘“nole-hole scatterin:" ciazram, 


3(¢) sand the other is the "three-body cluster," 3(d). The nole-hole 
7 5 > ° * . Ap * Oo = te ~ = - 

contsloution has been estimated oy Moszkowski and Sescle., ana as 
peen ZOund to contribute about +0.5 MeV to the mean bindin= erergy. 


a . : : 
Brueckner has called the terms involving three or more 








WO 
MN 


quasi-particles (other than two-particle terms with self-energy 


corrections) "cluster corrections." The validity of K-matrix tneory 


meeus On the Tact that these terms apoear to pe Guite small for 


1,97,5 


ra 
: O | me 
and Bethe have evaluated tue first 


nuclear matter. Brueckner 
ei eenese COrrec Lions, that due to the tnree-body terirs indicated in 
diagram 3(d) of Fic. 1, and found that the correction to E,,, at nor- 
mal density is about -0.12 MeV. They used. as an approximation to 
the K=-matrix interaction, a@ Serber excnange-Yukawa interaction. 
Kohler?” nas evaluated this contribution with an interaction of the 
serber type with a hard core, using tue Moszkowski-Scott separation 
method (Chapter VI).* Kohler's calculation yields -0.1 MeV, »veing a 
combination of 0.1/7 MeV repulsion from the direct interaction and 
-O0.2/ MeV from the exchange interaction. Redesaien” Tecoma. re- 
examined the three-body terms in the lignt of the Bethe-Brandow- 
Petschek "reference spectrum ferred! (Chapter VI), and has developed 
an approximation in which the tnree-body terms are included as self- 


7 


energy inserts in the reaction matrix calculation. Bethe et al’ have 
estimated the effect on the binding energy to be as mucn as several 

- MeV in this approximation, tne increased contribution over previous 
estimates being a consequence of a better accounting for all of tne 
effects of the hard core. Their estimate has been checked in this 
dis@@etation by using their spectrum of particle energies, both with 
and without the effects of the three-vody term incluaed, in the BM 
code and calculating the energy for es =e so : (the value for 


Wich trey kad computed the single-particle energy spectrum -- trey 








did not do the full calculation to obtain mean energies). Tne dif- 
ference is quite large (see Table IV). However, this cannot ce con- 
sidered a rigorous evaluation, end rurther investigation 1s indicated. 

Pn -bhis reéseard, one @s0eCt Ol UNG eStimetion Gr Tic mieger 
order many-body clusters wi.ich must be considered is tne derlinite 
possibility that if the higher order diagrams are "properly susmed" 
there will result a considerable reduction in the overall contrisu- 
tion over vhat of the lowest order diagram(s) alone brought avout by 
an effect similar to the "screening effects" in the coulomo case. 

In addition to the above problems, there is still tne 
Question of the convergence of the BG expansion itself. A very criez 
outline of the current status of the investigation into this proolem 
is given in Section C of Appendix A. 

Lt 1S @ppercnt thac more develiled investigation 18 deri 
Heewcti. OWever, @Ven bNOURG Titerestine Cocperative plenomene are oO 
doubt being lost when tne cluster terms are neglected, it is prooable 
(as indicated in Section C of Appendix A) that the effects of coopera- 
tive phenomena (over and above those accounted for by the K-matrix 


approximation) will have only a minute effect on gross nuclear pro- 


verties. 


ae 


2. Computational Approximations 


Brueckner - Gammel 


Toe solution of t..e n-natrix equations witn & nerd core 


witer=fuekeon potential is a large provlem, even for Mouern ta2.- 











a 


speed computers. In order to reduce™*ne problem £0 une WT reateramie 
size.) several TUruLer e@pproxinations are cenesally emoioyed. Those 
-adopted by Brueckner and Cammel~ are analyzed first. The additional 
simplifications of the BM calculation are then examined. 

One Of (he major approximations is tie Use O01 an everace 


value of the excitation energy, A= 3E, when computing the 


O 

HH 

bi 
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a, 
H! 
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energy shell particle energies (see Eq. (B.16) and preceding 
sion). There is undoubtedly some value of A such that the s:stem 
energy computed witn it will equal the energy computed witn oE& 
ieee L6G exactly, bUuL thar value Of A “2S Oy Known Sb. present. 
bere 15, theretore, only the slightest possibility that the veliue 


chosen for this parameter (w  - Ww is the "correct" one, even 


aD) 
ae 
Enousn Lt @ppears to be a reasonaple cioice.  Brueckner and Gammel 


K=0? 


obtained a measure of its importance vy evaluating tue energy for 
A =O a8 well as for the choice indicated aoove. Tne effect or 


a8 


reducing A by this amount was to smart tne enersy minimum down 





apout 1 MeV and to reduce tne equilibrium spacing ry aoout 

0.04 F. Thus it apvears reasonable vo assume that the use of delta 
meduel LO the ditference in &@ cumie particle's energy opetween the 

top and ocottom of the Fermi sea causes an error which is less tnan 
O.5 MeV and 0.02 F. We should mention that it is computationally 
Pcasiole to remove this approximation. Brueckner and Gamnel show 
T12at one can use instead a parameter witno infinite range whicn is 

Meternined by an extra pair of simultaneous equations. “uie calcule- 


lo es uld be performed tO ascertain more precisely the erroo aro 











the A approximation, and to determine time optimirr A «6 Use in tre 
regular calculation. 

A second approximation, which is discussed in Appendix B, 
Eq. (B.33) and (B.34), is to use angular averases so as to uncouple 
bie Gependence Of tne Paull operaber and the enerey cenonmmators On 
the angle between the total ard relative momenta in tie isatermediate 
states. There is no easy way to measure the errors introduced oy tnis 
approximation, out tuey are expectea to de sinmall. One possivie 
Pere ct. vest oO: the approximation can be sugsesved. if one assdiec 
that the total momentum, P , is zero in all states, then the angie 
between 2? and the relative momentum, k', can be treated analyt- 
Beciily wrenouy furthec approximation, Ine P= 0 approximation ise 4 
mote Greactic One, ond the ditgerence im the Tesulvs with tie Tio 
approuimations should be considerabiy more than tne erfect of tre 
averare treatment alone, and thus wouid provide an indirect estinate 
@ree.e Overall error. 

Another approximation, the neglect of the core volume 
cnergyy «Go elready been discussed. Altnough it is not possibile to 
ascervvain définitely from the calculations to date what the true 
contribution of the core volume enerzy is, it does appear possible 
viat it co.ld be of the order of two MeV (repulsion). 

Tne contribution of tie states with 2£> 2 (in particular 
ume F om G states) is not éntirel, nesligible. MosZkowski and 

otc” save calculated these with t.cir separation methel (which is 


accurate for states of such high angular momentum), and tneir erfect 








can be seen in Fig. 8 of BM. These additional states would lower ti.e 
minimum energy about 0.5 MeV and decrease the corresponding ry & 0Out 
O.02 F. If a full calculation is performed aSeain. it =s recommended 
that these states be included. Since Moszkowlki and Scott have con- 


puted at many values of p, tne contricutions iron tre individual 
a 


¢ 


~~ oo? ° 


states with tne BGT eotene ie. it would provavly ve sufficient (es 
we indicate in Chapter VI) to use theis results for 4 2 3. However, 
slightly better accuracy would ce obtained if tlese states were 
reated completely (i.e., if the approvriate K-matrices were caLcu- 
lated, etc.) so that the calculation would be fully self-consistent. 

the final general source of error in the bBrueckner-Gannel 
calculation is in the numerical procedures. In this category we lump 
such things as the choice of meshes for numerical integrais, tire 
matrix-inversion process usea to calculate the wave functions from 
(B.43), and the analytical approximation used to extend the Green's 
function evaluation to infinity from the large value of k" to wich 
whe invesral wes performed numerically. dhe matrix inversion process 
undoucvtediy provided precision well within the accuracy or the overall 
Calculevion. Une correction to the Green's Eunmction Can ve vresumed 
LO Lave similarly negligible error, and tne meshes we.e ail cuecxed 
by usifiz finer mesnes. Consequently, it is reasonable to conclude 
geal merical procedures led to negli ole errors. 

in summary, the errors in te BeiGe wereConnet 26, ie ie Lor 
Ome] be evaluated explicitly. However, 10 appears at »vresent 


& w% Gli of the sources of error wich we nave discussed, tne 
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Migertaityy in the potentials is provasly the greatest. Eh nave 
pointed to the need for further investigation in phenomenological 
potentials with the aim of obtaining sone experimental or tneoretical 


the 


measure of the agreement between the phenomenological and the "true” 


nucleon-nucleon potential, and ultinately obtuinirg che "true" poten- 


hic 1tselt. 
prueckner - Mesverson 


the Vollowing additional approximations ere naue 577 
Brueckner and Masterson; redefinition of particle energies (see 
(4.1) and (4.2)), and neglect of the dependence of the energy denomi- 
nators o. the total momentum. In addition, we should re-examine the 
mossible sources of Computational error Since tne conputational oro- 
eecure was slizgntuly cdititerent. 

The definition of the particle energies leading to a Single 
spectrum of off-energy shell energies was probably the most severe 
Spar bure 120 bie Brueckner-Gammel ealculetion. Coupled wits tie 
removal or the dependence of tre energy denominators on the total 
momenvum (an approximation whic: is eccurate in the limits of zero 
total momentum, high relative momentum or quadratic dependence or the 
enerzies on total momentum), this averace treatment of off-enersy 
sfell propagation had as one of its effects tne fact that the Green's 
funetion (4.5) for particles w.ose relative mowentum was greater than 
by wero, .nge cement Of their relative onmentuil (and consequently of 
cl eee! .Onenta since tie toveal Meee 614d already oeen 


SHC US. GH). This is clearly incorreci, and the enersy sjectrum for 








ne Ds must therefore nave 4 small wc increéa@genm @rror as K 
increases (it appears to differ frou Geo calcidd™sa vy Bruéckner 

and Gammel (Reference 3, Fig. «) by S® But 20-30 iicV at « = 2.4 Peo 
which can be conmmared to tie “xinetic enersy w.icr 1S more tia: 

300 MeV). Most of tne difference between tne BG and BM resulvs 

(1.7 “eV and 0.02 F, tne BM values beings more necsative and -.clle- 
respectively) can be attributed to vlese effects. These errors are 
well within the uncertainties presented by the imperfect «now .cdaze of 
the nucleon-nucleon interaction. Nevertneless, it appears possiole 
to improve this approximation without re-introducing tne P-denendence. 
Has procedure would oe to calculate the ofl-enerzy she.) spec vrcum 

as a Tunction of the variable | instead of the averaze %, and 

thus to reootain a system of equations similar to the BG systei. Wwe 


oly ches 
ro7 


are not able to five a quantitative estinate of tne effect of tris 
revised approximation on the calculation, but believe that it would 
probaoly remove between half and three-yuarters of the 2 MeV dis- 
crepancy between the BM and BG approximations. 

wne numerical metnods emloyed oy BM diirered from those or 
mee c..t.er calculation in several respects. The Green's function 
sorreccion (for the interval from tre end of the numerical intesration 


5 intlinivy) wus approximated voy a Padé approximant. ~* fie Gee COML = 


ert.) Weemoecked OY Extending tne numerical inteBre. &5 8p... ane 


en wr VEryine tne numerical m@BRes. Tne error .:. We “eer 
( 
ye a ” me \- oO yy = ~ v ait oe ¥- a 7 “Ns es ot i 2 ~ ~ - 
ae Tee UO 16S) Spacing (O.2 tur the k integer sens OO 
eGR upproviwent is ésti ated Trae tme above cnecxs to Ee IS8E 
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than 0.2 MeV. Ina future calculation we would not employ the Padé 
approximant @nd so will not describe it in further detail. ‘te would 
instead compute the correction numerically with great accuracy and 
tabulate it, and then use the tables in tne actual calculations. 
Mbis computation could be done once ard for all, to Smgywiuracy accur- 
acy. The individual computations would then be consiaeracl, Taster 
since the Padé approximant would not have to be computed with each 
iteration. We did not employ tuis vrocedure in our calculations (in 
BM) because tne recodin.s and "debugcing" effort required were “ot 
Hiecltiec by tne resultin=z small improvement to tue code. 

anere were two other computational differences between tie 
calculations or 6M ard those of Brueckner and Gammel. Botn involved 
negligible differences so far asthe final results were concerred. 
One involved & finer mes of © @nad Yr" near the core. BM used a 


Spacins Or 0.05 F f6r The first Seven Doints CoMpared to 2G's 


O.1 F. The effect on the final answer (as tested with BM's code) was 
about O.1 MeV, tne coarser mesh giving the lower energy. ‘The other 
computational difference was the method of solving the wave equations, 
(4.10). We used successive iteration, and found that excellent egree- 
went co.id pe octained with six iterations. The ccupled equations 

J (.) and Uy (r) converged most siowly. One method of itera- 
two tadles of wave functions: a table of "old" weve 
PUG. Os POW. iG previous 1 lerevion, ior ene es Cae Numer eel 


‘ tt 


intesrucs (+.10). and a table of "new" wave functions senerated in 


T 


: . - ; . : * ee = 5 
Lteration by the numerical integration of (4.10). The 








least convergent iteration sequence (for k = O.lp, and r = 0.6 F) 
WGSs ; 
iteration Usa 2) Uys (r) 
0 s(kr)é On ote g 
1 0.705780 O.C64344-7 
2 0.729155 eee. 
: 0.733508 0.137015 
le 0.734253 0.243676 
. 0.734434 O.24O4O1 
O 0.734459 Ou ie ie 
7 0.734463 0.148098 


When tne mean enerfy was computed after each iteration, we obvained 


ei 


the successive "Born approxinations"” -- 


£0 


ithougn tne term is nov 
SUrLCULLY Correct Since tne Core iS tYreaved exactly fTrom che vesin- 
mins. ‘Tne other metirrod of iteration, used for the majority of the 
calculations reported in BM, was to use the same table of wave Yfunc- 
‘tions on both sides of (4.10). Thus only the first point is actually 
comeuted with all terms in the table equal to those oF wie last 
iteration -- successive terms (for successively larger veiues of the 
radius) are computed with tne new terns whose radii are icos trun tre 
rows .1 Cuestion and the previous iteravion values for Maxey ewose 
Pei Mire still seater. Tne iteration sequence was thea @re@t_. 


“~\ 


luproverts 2h Gllustretive example (for k = O.Lp,, and r= 0.2 F) 











veiling: 

iteration Tyo (x) ese (rx) 
0 0. 542641 J 
a 0.650507 D. aesG 
2 0.723036 1747 S4 
3 O. eos J. 20621 - 
L 0.729264 Cree es 
5 0.7 2G 205 0.204112 
re 0.729376 U.204206 
T 0.729376 6.204194 


The potenluass osed in tue twd sets of conputations were not t.u.e same 
per Une Lineal wave Tunccions ere mou, Of GOurse, idencical. Tne 
errors in the wave function from this iteration yvrocedure were 


reducea to complete insignificunce vy using on major iterations otner 


tan tue first the wave Functions fron previous iterations and t:.en 


a 


ieee cils Ue Wave TUNCULONS LOur OF Mone Ciliestas order tO ieorove 
Liici®. ewes wave function iterations Were required on tne Tirst major 
iteration because its purpose was to provide a rough estinate of tne 


ieee ourcvicleenergies, @nd minor inaccuveacies did nou impa:r (ae 


OVeruu.. cOnvercence of the calculation. 
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A. THEORY AND ERRO.. ANALYSIS 


ce Thee. 





ithe extension of the K-matrix approximatsOn vs i... 
muclel 1S 4 reasonably straightiorward problem in principse ou. <6 
very difficult in practice. Bruecknor, Gammel and Weitzner (. Ww) 
and Brueckner, Lockett and Rotenberg (BLR) have discussed ce. uy 
and completely @ computationally feasibe procedure for Gitexc ¢ 
mee UNeory to finite nuclei, aud have discussed the approei.. 1s 
involved, explicit equations which mst be solved, and the re. ss 

a ae » Geo LO 

obtezined therefrom for the c.osed-sh..i nuclei uv. Ca ee 
3290 , eee Sees 
“Zr (using the Gammel-Thaler potervial used in the Brueckner- 
vwanmel nuclear matter calculation? So Wes nucleon-nucleom pe sen wad ,. 

ace | ‘ | Le 
This is now textbook material (Preston, Chapter 9), and conse- 
Quently we present only a very genera ca.scussion of the procedure 
with such elaboration necessary to present hitherto unpublishea 
material. Masterson and Lockett (hereai'ter called ML, and inciuded 
in this dissertation as Appendix H) have explicitly stated the equa- 
bLoNS Ectually solved. and have extended the results by cclculeving 
- 203 , ; a 
SNe MBeeertics of £o » using an improved approximation vo wie 
rearv.uizgement energy. This chapter discusses this calculation, and 


treat. the rearrangement energy approximation in more detail than any 


uf the papers do. 


i02 











Os 


Whew erineipal. provléem with Tinie nucleus calculations is 
the fact that the Hartree-Fock calculation with the pure internucleon 
potential is unsatisfactory. As is well known this calculation gives 
the best energy that is possible with a product wave function, so 


that, e.g., the interaction energy defined by (2.5) is given by 


AE < (3,v6) (oad) 


where ¢@ is the product wave function so determined that the expvec- 
tation value of the energy is stationary with respect to variation 
in the wave function. For nuclear matter, however, we have already 


found that (5.1) is too simpl. . approximation and that 
AE = (8,vY) = (6,Ka) Or) 


(where Y is the true wave function) is the most elementary ey proxi- 
mation which gives accurate results. However, the variational calcu- 
faction involved for even the last Quantity is too complicated —~or 
finite nuclei. For infinite nuclear matter, we know the best form of 
the wave function (plane waves), and only the K-matrices need to be 
determined (self-consistently). For finite nuclei, both K and 3% 
must in principle be computed self-consistently. This is too diffi- 
Pult- eU present. and the assumption 126 made chat tne K-maurix for 
nuclear matter at the density corresponding to the local density of 
the nucleus is the appropriate K-matrix for (5.2). Thus, only the 
wave Tunction 6 needs to be determined with ye eeeeeroee 


variutional procedure, with the K-matrix as the "known" effective 


interaction. 








This approximation is equivalent to the assumption that the 
correlation length (related to the "healing distance" of the two- 
. particle wave function) is sufficiently short that at any point in 
tne nucleus the interaction is the K-ma@trix interaction for intinitve 
nuclear matter whose density is the same as the local density. The 
approximation 1S accurate in the center of tne nucleus, where the 
density is nearly constant over distances of many Fermis (the healing 
distance is of the order of one Fermi). 

The actual procedure in the calculation was the calculation 
(oy BGW) of the coordinate space transformation of the K-matrix using 
the wave function Y calculated in the course of the infinite nuclear 


matter calculation of BG:? 


(x, .|Klri,) = (2n)"?fax of(r,,)v(2)¥, (rip). (5.3) 
(An angular momentum decomposition is made just as in the infinite 
nuclear matter problem, and the Upp (2) of (B.37) are used for 
the components of Y¥ above.) 

One then conjectures , without proof, that the coordinate 


space operator (5.3) is the appropriate interaction energy operator 


for the product wave function. The equation for the system energy 


is then 
B= 2 f ofl) Eo (rlar + da ofl Je" ; 
J 9,(2) 55 9, (r)az + 2H 04% oj (ea rol Ko) ry 5) . 

x 0, (ry )o (45) dr} drs dr, dr, (5.4) 


(the exchange term is not indicated explicitly). It is further 





“iQ 


i 


conjectured that a "Hartree-Fock" variation with respect to @; (x) 
——- = UO tora a (525) 
5; (x) 

will lead to optimum wave functions. From this variation, we obtain 


the system of equations 


Bo, (r 


fo.) = = G(r) + Veep, (ears Vo(miee(r) = (5.6) 


The two interaction terms Vue and Va are the "Hertree- 


Fock" and the "rearrangement" potentials. The former is given dy 


r\ =. =e f I cee ! 1 x 1 
Vipitr') = = jar, dx) g(r, )(r 7, [K(p)(r'or7) 9, (23) - (5.7) 


In the treatment of the K-matrix above, it was necessary to treat the 
Singular core separately from the rest of the potential. We mention 
the treatment of the core because the results reported in BLR and ML 
involve a variation of the core parameters to partially compensate 
for other errors in the approximation. The core is treated in a 
manner very similar to the nuclear matter procedure (B.38) et seq. 


Further, its contribution was found to be strongly density dependent, 


_ and the assumption is made that its dependence on the density is of 


the form given by the theory of core repulsion alone 


~ (1+ d/r.)> . (5.8) 


COre 


NA 


These considerations lead to (2.15) of ML, 
Oia == o-* 5) ( _ LOT) 
2 
Ly -~ b/r 
Te (1 = b/ 5) 
Alp) ae) (ryo-Po)6(ry5 1-86) 


C (5.9) 


(r [Kl x.) 


I 
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with the actual parameters being C = 215 or 257 MeV-Fermi and 

b = 0.488 or 0.459 Fermi for singlet or triplet states respectively. 
.The attractive part of the K-matrix has a very small dependence on 
the density, on the other hand, and this dependence is neglected in 
the computations. 


The rearrangement potential V_, in (5.7) results from the 


R 


dependence of the K-matrix on the density. The density is related 


to the single-particle functions by 


eR) = & @i(R)o, (R) (5.10) 
so that 
— = 9,(7)6(r-R) . (5.11) 
bo, (r) 


The density as it appears in the K-matrix is evaluated at the center- 


m) 


of-gravity of the interacting nucleons, so that R = s(x, c, 


Then, assuming that the range of interaction in the density-dependent 
part of the K-matrix is sufficiently short so that we can set 


r= ry, above, we obtain 


“VR (r) = 52 dra jar; of (roi (25 )So(r rol K(o) Leyes de, (r])e, (24) 
(5.12) 
Eq. (5.12) is just (2.1) of ML (Appendix H of this disser- 
tation). The procedure for solving this equation is given in detail 
in the equations following (2.1) in ML and will not be repeated nere, 


with one exception; the detailed procedure for obtaining the etua- 


tion vor V(r), (2.21) of ML, has not previously been reported. 
ay 





LOY 


Brueckner and Goldman” calculated the density dependence 
of Vp by using the fact that the dependence of K(p) on 9 is 
almost entirely in the core term given by (5.9). The core term can 


be related to the density through 
p sr. (5.13) 


V, is obtained from substituting (5-9) ante (5.12),.and then using 


the three delta functions to obtain, in good approximation 


-Re=r (5.14) 


Il 


a 


‘eee 
oS 

The above approximations (which are exact in the limit ae O) lead 
to the Tollowing expression for Va(r,) it Spin OF 1S0lOpic Spin 


polarization are neglected: 


f(r.) . (5.15) 


[A.(9) + A, (0) Junr° op (Pr, 


ee: 
V2.2.) ~ 16 


Q/Q/ 
| 


_Then, using (5.17), we obtain 


ae 
: Cd (1-b_/1.07) Co, (1-b, /1.07) 


Cc 


eV. (5.16) 


3 2 a! 
ae ro (be) ro (Ee) 


Oy 
ONO 

i 
Ly 


Ze eas 
The vuriation of the function V./r is Very SlOW, in Che Vicia uy of 


normal density and to a good (45%) approximation in the region 


on 


eo if < ro i oa 





2 6 
(240 MeV) 9 x F 


< 
I 


. 


(9.6 MeV) o-(r,)/o°(r, = 1.07 F) (5.17) 


since p(x, = 1.07) = 0.19488 particles/F. The latter fom. in 
which Ve is given as a function of the density relative to its 
aoe at normal density, will be used later when we point out tnat 
the magnitude of Vo is actually larger at L.O7 F than indi- 
cated above. However, it is expected that its variation with density 
Will still be of this form in the region near normal density, at 
least within the accuracy of the overall approximation. 

[ne Subsequent paper. Brueckner, Gammel and cee evalu- 
ated the rearrangement energy corrections to the single-partic_e 


energies using the K-matrix procedure. They evaluated the second and 


third order terms of Fig. 2, with the results as given in Table \V. 


Potential Energy (MeV) Single Particle 
ene ee K second third oe ey 
Z Matrix order order (MeV) | 
pe S220) eGo ey o.4 -75.0 
0.9 Pa 0.9 6.4 
De = 70.2 by 6.1" iyo 
Gl, 


ixtrapolated from computed vaiues at p = 0.1 Pa and p = 0.9 i 


Table V. Breakdown of single-particle energy. The density correspmés 


bo lr. = L.0f # and au averace oinding enerey per particle or, 15.5 
VU 


Me V . 
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The above corrections correspond to the definition of "rearrangement 
energy" represented by the last term of (2.34) (i.e., variation of 
), 


which is obtained by differentiation with respect to p. However, 


NO 


AE by n). Consequently, they are not exactly the V.. of (5.1 
since p and n aré equal to second order, the two can be equated 
within the limits of the accuracy of the overall approximation. 

The approximation to the rearrangement energy used by ML is 
a simple approximation to the above dependence on both the energy and 
the momentum. Based on an estimate of the momentum of the lowest and 
top states of Og 19 (which can be obtained from their kinetic 
energies -- the differences between their energy eigenvalues and 
their potential energy expectation values), the rearrangement energy 
was estimated at 12 MeV for the top state and 26 MeV for the 
deepest state. Eq. (2.21) of ML is the simplest means of interpolat- 
ing between these two values in order to obtain the rearrangement 
potential appropriate to the other states. Its accuracy was expected 
to be commensurate with the degree of approximation, and since its 
effect is primarily on the wave functions (and only indirectly on the 
energy), the crude interpolation was expected to generate negligible 
error. The dependence of (2.21) on the density is a direct conse- 
quence of the argument following (5.17). 

In a future calculation, we recommend the use of one fur- 
ther improvement in the treatment of V, -- namely, the use of the 


R 
following interpolation formula: 





ees 


oc (r_) 
(Ve), = 12.5+ 6.2 — —s=————— Mev, (5.16) 
ca fe ane (r. 2 - Uf) 


“where Pp is the Fermi momentum corresponding to the nuclei's rms 
radius. This would be a sligntly better approximation than those 
which have been utilized to date, and it probably :seprezenats the 
farthest one snould go in utilizing the approximation that the 
rearrangement effects can be accounted for as in Eq. (5.6). The 
momentum dependence in (5.18) is a linear interpolation between the 
wearrengzemens correction au O.1 Dp in Table V and the value found 
at the Ferm surface by Brueckner, Gammel and ome 1lé@.5 Mev. 
Tne aioiente Or “cack state , Pe» can easily be estimated from the 
previous 1teravion's Kinetic energy. This aoproximation is now 
expected to result in significant improvement in average properties 


(see discussion in Section B, "“Results"), but it might lead to som 


improvement in the level spectra. 
e. Brror Araiysis 


At this point it is necessary to make a few comments avout 
the possible errors. The approximations necessary to transform the 
K-matrix to coordinate space are treated in detail in BGW. ‘hose 
involved in the solution of the modified Hartree-Fock problem are 
tread t@@ in BLR and summarized in ML. There are 42.lot of them, and 
ROY Weey no precise estimate is possible. Their justification was 
Lavariably twofold: (1) they were necessary in orcer to si.vlify 


the problem to manageable proportions; and, (2) their effect, 





ed 


fiswoivwe, was" consiuered ty .st. Tel. tiie 


LL 


estimated aS rigOrousiy ec 
POr “some Of Une eppro-i4t ois, Jitole wore Can oe same ws Vuruier- 
more, in view of the present uncertainty in phenomenological poten- 
tials (see previous Chapter and BM), it is doubtful if much more can 
be learned about the theory until a potential is obtained wnich is 
Known to be significantly "more correct" than the present ones. How- 
ever, we can suggest one further check of the calculation. In equa- 
tion (2.4) of ML we evaluate (rj ]V}r,") by using the first two 

terms of an expansion in Legendre polynomials so that, for a given 
difference x between ry and rs ye Oily exp teit eyaluavI0n au 
two points is necessery to obtain the estimated value of tnis func- 
tion for any angle between the two. Because the evaluation or this 


i 


matrix elements occurs in the innermost "loop" of the longest cualcu- 
—_ a) re 4 ee ; . 
lation (about 35 hours per iteration for lead), it is necessary to 


xeep the number of elements which must be evaluated for any given 


ivet. UWo Germs Of Tne e2oanei10n 


Fh 


Peer t1Olg ke Ou me 
in Legendre polynomials is known to be a go00d approximation, but its 
: ae : ; : +Q 
effect could be explicitly obtained by one iteration (say for Ca’~) 
in wnich the first three or four terms of the expansion were obtained. 
os \ : ° “| L O a ie 
On the vresent generation computers (where, for Ca ~ tne CDC-1604 
takes about 30 minutes for this particular iteration), the cost would 
not be justified. However, in the next generation of computers, 
which will be mach faster, this check should be economical. 
oten- 


Further, when there is available a phenomenological 


A 
\ 
aa 


tial wiose experimental and theoretical justification are greater 





than for current potentials, the properties of infinite nuclear mmac- 
ter should again be calculated, preferably in the manner suggested 
in the Appendix to the Brueckner-Gammel paper (e.zg., without using a 
mean excitation energy in the denominators for off-energy shell 
propagation but using the exact formulation and solving the extra 
pair of equations involved). If the results of this are in good 
agreement with the semi-empirical values, then the transformation of 
Lhe K=Malrix tO ecoordinete space should again be performed, ior 
approximately twice as many values or the arguments as reported by 
BOW. 17 Unis 26° done, a further check on the mesnes used in tas BER 
and M. calculations will be possible (again assuming that a "“next- 
generation" computer is utilized). But more important, if tne new 
potential and nuclear matter calculation gives a better agreere:t 
than the mean energy of -15.2 MeV (cf. -13.5 to -17.5 MeV semi- 
empirical range) and the equilibrium spacing 1.02 F (5% less than 
the extrapolated and corrected 1.07 F), then it is reasonable to 
expect Ue secults sumer 7ed lave, auc in Mi would be Consivereoly 
improved (since the mean energy per particle and rms radii of the 
_ nuclei treated are invariably too small). 

There is also a finite possibility of error in the computer 
peocram itselt ror such large problems: e¢.¢., the finive Aucleus 
code must be run in three "shifts" on the CDC-1604 computer in order 
to accommodate the large number of states Pave in tne lead calcu- 
tation. This last source of error can now be considered negiigiole 


Yor both nuclear matter and finite nuclei, however: the former 





ee 
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calculation (reported in BM and in Chuster IV) was completely inde- 
pendent, and the differences between it and BG can te attrivutec 
entirely to the @dditional approximatioms end, tse Veter calcule- 
Pion, Gen De Constderce TO be Semi-lndeoeddeny. (In Gade Case vor ene 
dinite nuciteus calculation, the Computer program Tor the BLA Cae cu- 
Jeauions was extensively reorfsanized Tor the ML computacion, ana tur- 
imermore the Code Was, OVEr a period of G&bpout 4 year, almost core 
pletely rewritten by this author to improve its speed and operating 
characteristics (i.e., to make it "more automatic" in operation). 
During this rewriting, the program was extensively checked for iiinor 
errors, Such as intesreation limits, coding errors, etc., and aiter 
correcting the few that were found, the properties of 03,70 were cal- 
culated and compared with those calculated at Los Alamos with the 
new rearrangement approximation but otherwise unmodified original 
code. The agreement between the two codes was good: -6.78 ve. 
-6.55 MeV meen energy per particle, 3.00 vs. 2.99 Fermi rms radii, 
and O.7 or less difference in the eigenvalues. The minor dirtrer- 
ences are entirely attributable to the corrections which were made 
at the Mi Code. 

In addition to errors due to numerical procedures or to 

tne insuw (the phenomenological potentials), there are also some 
.nortconings in the theory itself. The most obvious of these is the 

wilect of correlations other than two-boay correlations. these Wisl 
wave a negligible effect everywnere except possibly in the surface 


region where nucleon clusters (akin to uipha particles, etc.) may 





a. oF =P 


form and wnere superfiuidity might exist. These eirects ere mot 
expected to nave much influence on gross properlit’s Suchiqgeges 2 ans 
penergies, nuclear readi_, and surrvace aeptn, however. Nevertuemsie, 
the improvement of tne computed binding energy witn increasing nuclear 
size (discussed in the next section) strongly suggests thet the 
principle source of error is in the treatment oi the "surface" energy, 
which is considerably too large. This "surface" energy arises not 
only from the classical effect -- variation of density in the sur- 
face -- but also from the rearrangement energy wnich is important 
only Tor the calculation “Or the wave Puncclon and whereiore 22s 110uLe 
effect in the infinite nuclear matter problem but does influence con- 
siderably the Finite nucleus calculation.» Ics eirecu ic Gnue 4 face 
a "surface" effect, and the method outlined nere for treating iv is 
at pest a treatment based on plausibility since it has not vdeen 
rigorously proved (and, indeed, in higher order it is incorrect). 
Further investigations of this many-body problem peculiar to tne 


finite system are clearly needed. 
B. RESULUS 


Throughout this section frequent references are made (with 
uo FuLuser comment) to tables and figures in ML, Appendix H of this 


ise cemeee LON : 
Co.%usiscon with Previous Rearrangement Energy Approxi:iutcon 


“n order to ascertain the effects of the new treatment of 





t- 1 
AN 


a - . mn ot 
the rearrangement energy, Eq. (2.21) of Ma, the properties of Ca 
were compared with those without the new energy treatment. We note 


that V. as determined by Ec. (2.21l)of ML is, on the average, aimost 


R 
twice as strong as the V. used by ELR, our Ec. (5.17). Table II 
Compares the New TesulUs With these reported. im Bik. The net errec. 


of the improved approximation is slightly better agreement with 
experiment Tor almost every property tabulated: separation energies, 
votal enersy per particle, and rms radii. In addition, the Spin- 
orbit splittings are more nearly porportional to the (2g + 1) 
separations generally expected. However, the magnitude of the total 
energy per oarticle is still not large enough (-6.55 MeV vse. the 
60 

experimental -38.55 MeV), Lie proton <ms Tadius 25 Yoo suai) 
(although increased by 3% to a new value which is 83% of the experi- 

? 

ol ge « . . ALD 2 
mental value), and there is slightly too much difference between 
the separation energy of the lest particle and the total energy per 


particle (1.1 MeV compared to the previous 1.2 MeV and the experi- 


ho 


mental 0.2 MeV). Comparative potential energies and eigenvalues are 
wee a nO, 

given in table III for every state of Ca © with the old and new 

approximations. The range of eigenvalues has been reduced frém -7O.1 


throusn -4.9 MeV to -48.7 through -5.5 MeV. This reduction in spread 


nergies indicates that the previous approximation reproduced the 


C) 


on 
_So.ute M@enitudes of the energy spectrum quite poorly except near 
wae Uo acvels; the otherwise close a@greement between the two calicu- 


autacuic indicates that the approximavion employed in BLR was adequate 


Yor the computation of the average proserties of the nuclei (such as 





« e e eS ‘ “= es aoe aa Pd oe : 5 = 
mean enereiew, OS er 1 peae.. ), MO, TRE Cuceeer, tee Crem on 
. 3 +e +- py ee We aah oes ee: eae Boh Nae w=), =. -* a 3 -,- : 
THiS Girection would cheanze™emeh properties only sisweiy. evr - 

a ws . t= . = ~ + ma mm . ~ aN me pe “A ar ars ~~, at im 8 yun se ee es og “~e 
piciless. ulin, Concmision 2ncula oe cnee@ica Dy Cer crima-ae, Genta 


oo 


tion with V. as siven by (S.10)4 


7 fee 208 
a. Gererai Propervics of FD 


In fable IV are the principel properties or pp ae Calci- 


lated py the theory for hard core strengths equal to 90% and 100% of 
the normal strength. The 100% core data is the result of a singie 
full iteration from the 90% data. Experience with the rapid con- 
Vercence O1 Ghese COmputaLions indicates thar the propertics teoula-— 
ted are Very near the values one woula oOOtain with furvner itere- 
tion fe.¢., probably within 0.1 MeV for the mean energy and 0.01 
Fermi for the rms radii). Since the individual energy level »re- 
sictions (mext section) are subject to slight fluctuations on the 


~ 


fii, ee es 
VY 


sak 
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4 
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TirSt "1 Leravions, they are Nev Gquorea cor The Tull coe. 


~ 


core was chosen to permit comoarison with the calculations in BLR. 

In Ghose €alculavione, the reduced core contribuvions were eroiuraniy 
emolovyed as a Means Of Morovine the Dindine enerecics. As seen in 
table V, too little binding was obtained for the smaller nuclei even 
with the reduced core strength. However, for lead with the 90% core 


the bindians energies of the last particles are a Traction of an MeV 


ticce (10.0 MeV) is 2.1 MeV greater than that calculated from the 
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total energy per particle, CQ@mired wit) tre mxperimmecst velle of 


0.5 MeV. for the LOO come, SW masz.ccude of the towsl e288.) 


a d er 7 ar he a 
Particle is several wsV less Tien the enerey with tne OO) comeyeand 


ie one Wey Jess then the experience. value. 

The rms proton radii are 160% and 15% too small (for che 
90% and 100% cores respectively). Similar errors were reporte« yor 
da” and zr, The surface depths are 1.8 and 1.9 Ferimis fo. the 
Proven Cicirivbutions and 1.5 and 2.1 hermis for the total dice. 3u- 
tions. (We have taken the surface depth to be the distance over 


see a i © =" a -f : ae = 
which the density falls fror 50% to 10% of its maximum value in the 


vicinity of the center of the nucleus.) The computed depths arc 


vlignviy smaller than the experimenteily deduced (2.2 + 0.3) Fermis 
f 
. . ; Po. a oe Os . 
for the charge distribution ~~ and (2.45 - 5 Fermis for the 
aot eaeeD 


, 
, 02 : a : sees 
nuclear distribution. Tne siieil aiscrepancies might vanish with 


tae correction of the error in tne rus radii. 


Energy Spectrum 


Co 


Tavle VI gives the energy spectrum for the reduced (90%) 
mey¢ @ymee etrengeun. The ordering of states is generally in accord 
r aS 5 7 : tS : O3 rica! 
Paurm “icv leduced from experiment for the shell model. Lo througn 


| 206 ar 
state, the Pb level assignment is the same «s vhat 
2 S 


—— w. O . : LO: : ee 
Cet. LOD or? (and differs from the Ca erder in tue 
Re 255 fo states). With the new rearrangement ererg, vreat- 


mie, r= oircoa in energy levels and the coarse level pacing aire 





probably the tost accurate calculated to date. Thus we compere sur 


spread in eigenvalues of about 7O MeV with those determined in the 


Y) 


shell-model calculations with central »notentials and spin-orbit 

: 64 7. hae aa 
coupling of (for example) Malenia” " (about 30 MeV) and of Ross, Mark 
and Lawson ? (less than 40 MeV). In general, their relutive spacing 
of low-lying levels is in good agreement with ours. However, sooth 


authors obtain a level sequence at the surface whicn dilttrers 


ours: for instance, for neutrons, Rows et al have 3Py /2? 22 3/99 


also? tee? compared to our 521 /2 ee eta Be 
Mi, eon . yo en 
ae end. the MNevielseon ang (iloconm 3Py /2? ae 3B jp? 


ie yasles eS ie. OT DYrOotons. Laey cave. =S. 3... —c. Lh oe 
wee ’ ) + ) ¥ ob J ie 3/2? ia 


in @sreesent with Mottelson and Nilsson and compared to our a oe 
a 

SS. fh eet oe es = =f DOUH “Cases, the Spread Of eneteies @e tes: 

than 2 “eV. Most of,the above cdifferences can be traced to the spin- 


Orbit Sotential, which 16 inperieetly known and. woich 2s treated as 
parameter 10 the shell-model caleculacions tO improve a2vecient> Wicn 
-xperiment. Setter treatnuent of V with (5.18) might also help. 
Lne spin-orbit splittings for the various states ure bedu- 
tated in Table VII. They are of the right order of magnitude and 
Follow i..4 reasonable manner the expected (22+ 1) graduation in 
magnituw. In Fig. 2(g) and 2(h) the dependence of the local equiva- 
Yent ctescitel, Flr), and of the wave functions on this splitting 


ee, in particular, there 15 Gn appreciable soavial split- 


P SF cis with the sane orbital angular momentum but wit:. 





ey 


4. WNeutron-Proton Density Relations 


YHie OSUCrOn, PrOouOn and Gotal density Giserieue meer 
indicated, in Fig. 3 for the two core strengths. There is @ remark- 
ably uniform total density, but moderete non-uniformity or the 
neutron and proton contributions. Further, the neutron end proton 
wave functions (Fis. 2(d) and 2(f))are almost identicel for corre- 
sponding states, with the exception of a very slight shirt towards 
bee Cenver-o1 Ghe mucicus in, che low enzuler momentum Staves. Tis, 
MUCH Of Une “Gir terence in tie Gensity Gisoriouuione 2S cue to Une 
"extra" neutrons in the outer energy shell (which are cistributed 
throuzhout the nucleus as well es at the surface). “he neutron- 
BYOCOn Yecii Giiier by aucun U,2 Perm, excendine to tne larger 
mMecici the tendency noted in Bun tor une provon and neucron diet iouK 
tions to nave nearly equal radii. The orisin of this errfect lies in 
the symmetry energy and in the insensitivity of the wave functions to 
differences in potential. The absence of an anpreciable neutronr- 


a oe 


proton difference for the light nuclei (BLR) and the slight differ- 
OT 
ence noted for lead are compatible with exneérimental results. 
Quantitatively, for lead we conclude from pion and nucleon scattering 
62 
culculutions™” that Ry, - R = (0.2 + 0.2) Femi, where R is the 
D 
fuli-demeity radius, in agreement with our calculation. This figure 
me. fot include that. part of the diitfrerence woich resulvs from che 
ri we oxteicion Of une nucléar potential beyond the matcer distri- 
Piven wien the radii are determined Trom separate nuclear and charge- 


M@eoMchit inmvereactions. This ditiercuce is discussed. text. 


— 


ae 





5. DVDensity-Potential relations 


it Fig. 4 are plotted the potential function ®(r) Jos 


{ya 
a 


the tig Sop neutron states against the density distribution. Tne 


top proton potential is not sLown because it lies inside the neutror 
potentials, a consequence of the smaller proton distribution. the 


seperution between total density and potential (0.5 Fermi) ic 


O 


slightly less than that of Ca” and or7” (0.75 Feri); the differ- 


ence between the proton half-density point and the nuclear potential 
nalf-raximum is O.7f Fermi. These results agree within the limits of 


experinuental error with the differences between Re = (1.15 = 0.02) 


EE 

ia 
1/3 . 62,68 F 
A [3 = (7.00 = 0.14) Fermis from electron scattering ’~~ ana from 


= (ees = 0.05) ails Se 


V 
Se eee Oe oa 
fernis from low and high energy neutron scattering. Wilets has 


‘1 mesonic acvoms, 7 and R 


soncluded trom neutron and proton scattering that the difiierence 
vetween tne nuclear potential radius and the matter radius is inde- 
pendent of A andis (1.0 + 0.3) Fermi. This difference in radii 
os ; de 

is largely due to three effects previously discussed, namely: 

(a) finite range of interaction; (b) nonlinear variation of poten- 


tial energy with density (Wilets effect); !? and (c) nonlocality of 


tne effective interaction. 
o. Comparison with Surface Predictions of Other Theories 


It is interesting to compare the character of the nuclear 
meee Me predicted by previous semi-empirical theories with cur 


Ut. (which are essentially from "first principles" if the concept 





of a two-vody nuclear potential is valid). ‘Two previous calculations 
are mentioned to indicate the degree of precision obtainable. One 15 
the pure Hartree-Fock calculation by Porertene. with N=2Z= Ge. 

It yielded surface thicknesses of 2.7 and 3.1 Feruis for Gaussian 

and Yukawa wells respectively, and predicted a marked dip in the 
proton distribution near the origin (wnich is absent in our more 
exact calculation). The calculated separation between the ras radit 
of the particle density and of the self-consistent collective poten- 
tial in this model was less than 0.2 Fermi. An intermediate step 
between the pure Hartree-Fock calculation and the BGW theory is the 
semi-empirical model of Berg and Wilets. /*? '3 This model yields 

R.- R. = 0.2 Fermi (in agreement with our result) and R(potential) - 


N r 


R(nucleon) = 0.7 Fermi (compared to our 0.5 Fermi). 
7. Summary of Results for the Four Nuclei Studied to Date 


The following is a summary of the general features of the 


6 ho 208) 


results for full-shell nuclei (07 ee fa ee ee studied 


in ML and in BLR. 

1. The magnitudes of the total energy per particle and of 
the separation energies are smaller than their experimental counter- 
pelrs. 

2. The difference between observed and calculated energies 
Mecreases with increasing nuclear size. 

3. The energy spectrum is in general agreement with 


experiment, and the computation of the coarse spacing, with the new 


rearrangement energy approximation, is provbaply tne mosv accurate tu 
dute. However, the detugiiced suegeing between close Lowes, werticu- 
larly when widely different angular momenta are involved, is nov 
correct in every instance. 

4. The energy spectrum is quite sensitive to any cheages 
in the calculation (as, for example, the changes in the treutnent of 
the rearrangenent energy and in the core strength). This is to be 
expected, because the single particle energies are to be compared 
with potential wells of the order of (O MeV. Thus an MeV change in 
particle energy is less than a 2% change in potential energy. 

5. whe radii of the nucleon distributions are in fo0dG 
agreemeat with experiment for old With Tull core, DULG are aucuL 
15% too small for the other nuclei studied. 

6. These radii are relatively insensitive to changes in 
the calculation, a "stiffness" which has been observed in the calcu- 
letions Of BLK and of thas paper. 

{= ‘ihe theory predicts the devsils of tae iaverneal ce sbi, 
uilstribution, and the calculations have brought out a remarkably uni- 
form ratio of neutron and proton densities in the lighter nuclei, 
with only minor variance in ppe08 To date it has not been possible 
to verify the detailed internal distributions of these nuclei experi- 
wentaily, although the analysis of Ford and #411°° indicates that the 


bwer,¢ @istribution for lead is probably reasonably uniform (and 


ond 
a, 


weo-u. ly that there is no dip in the center as deduced for gola),°+ 


a OOMent with our results. 


Xe 
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8. The calculated surface properties are conpatibie with 
present experimental evidence. In particular, the surfece deptn, 
neutron-proton radius differences, and the matter-potential relations 


at the surface are quantitatively predicted. 
C. CONCLUSIONS 


ihe surface depth of the nucleus is now known experimentally 
to within about 10%. ©° Our results are compatible with experiment 
and form @ theorevical explanation of its Shape [rom first princi= 
ples. Indeed, there is a need for further refinement of the experi- 
ment to verify the internal structure of each nucleus and to ascer- 
tain the surface shape consistent with it. There is also a need for 
further refinement of the BGW theory to obtain better rms radii, 
with the result that the surface depths predicted might be more 
accurate. In addition, our theoretical knowledge of the neutron and 
proton density ratios and of the potential-density relation at the 
suritace is compatible with, and at present more definitive than, 
experiment. A feature of the surface which this theory does not 
_descrive is possible existence (discussed by qebeeon of nucleon 
clusters, possibly "alpha" particles, in the nuclear surface. Super- 
tive ey im tne low Gene ity Tecton “1t recent. 25 also Not treaved, 
but it is believed to have negligible effect on a gross property such 
Se  Surlace Gepun. 

For the remaining properties (binding energy, mean proton 


and neutron radii, separation energies, and spin-orbit splittings), 





oe 
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the theory is in semiquantitative agreement with experiment, the 
m2ximum errors being of the order of 15%. The sources of these errors 
can be grouped into three categories: 1) the numerical procedures, 
2) the input (i.e., the phenomenological potentials), and 3) the 
theory itself (both the Brueckner theory of infinite nuclear matter 
and the BGW theory of finite nuclei). The first of tnese (the numer- 
ical procedures) is rejected as a source of major error on the basis 
Oi the Thorousn tests Dy Bun Of the meshes employed and tne amorove- 
ment or the results with nuclear size in spite of the fact thet any 
errors ifoin the numerical procedures provaply inereased also. 
However, some of the error may arise in the choice of the 
phenomenological two-body nuclear potential, as indicated by tne cai- 
culations in Chapter IV. It is possible that a better potential 
would resolve some of the discrepancies between our calculations and 
experiment. It should be noted that of the seven potentials emp.ioyed 
in the calculations of Chapter IV, the potential used for the finite 
nucleus calculations (the BGT potential) gives the best ezreement 
petween the calculated and semi-empirical properties of infinite 
~nuglear Weacuer. This, However, does NOt Mean thac This potenvial is 
the "correct" one, and more work in phenomenological potentials is 
indicated. further, in the more accurate calculations of Brueckner 
and comme this potential yielded for nuclear matter a slighti7 
smaller binding energy (-15.2 MeV) than the semi-empirical value 


.-L5.5 = 2.0) MeV and an equilibrium spacing that was 5% too small 


} 


\1.02 v5. 1.07 F). These effects undoubtedly influence the computa- 


oe 





tions of BLR an@ of this dissertatioim In aaditiom, tacr@ iv 3p 
question whether the hard core should be nearer O.4 F (ac in tne 
Gammel-Thaler potential we use) or 0.5 F (as suggested by nore 
recent determinations of phenomenological noteneaieye | A potential 
with a larger core might give lower density saturation and larger 
muclear radii. 

The improvement with increasing mass number of the computed 
binding energy strongly suggests that the principal source or error 
is in the treatment of the "surface" energy, which is considerably 
too large. It should be emphasized that the "surface" energy, which 
is essential in the finite system in the determination of the wave 
sunetion and density, and hence indirectly in tne determination of 
the total energy, does not appear in the uniform system. Thus its 
effect in the finite nucleus is in fact a "surface" effect. The 
methods of BLR and of this paper are at best a treatment of the 
rearrangement problem based on plausibility; they are not rigorously 
proved. Further investigations of this many-body problem peculiar 
wo tHe Tinie sysuem are cleariy needed. 

in econelusion, we have ascertained that the BGW theory of 
tinite nuclei is in semiquantitative agreement with experiment, the 
agreement improving with nuclear size. Further, we have seen that 
our state-dependent approximation to the rearrangement energy correc- 
tion gives appreciably better results than those obtained in the 


previotse calculations. Finally, it appears probable that much or 


une residual error in the results can be removed by improvements in 





the phenomenological two-poay potential upon which the calculations 
"surface" energy. 


are based, and by improvement of the 
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OTHER NUCLEAR MATTER THEORIES 


In this chapter several representative approximations for 
nuclear matter calculations are studied briefly. Brueckner and 
Masterson (BM) have made quantitative comparisons with some of these 
approximations which are elaborated on here. 

Before discussing the approximations, one further point 
should be noted about the potentials used to test them. Two large, 
and apparently unavoidable, components of static nucleon-nucleon 
potentials are the hard cores and the tensor forces. However, this 
does not imply extensive mixing of states, especially at lower ener- 
gies, and one can employ an equivalent central force in each state in 
some probiems. This has led to the use of simplified potentials as 
tests for nuclear matter theories, and several authors have used for 
HLS purpose o-State interactions: One Of tne principal tésts o7 a 
nuclear matter theory is whether it yields the proper saturation; 
i.e., whether the minimum of the Bay vS. p curve occurs at the 
"correct" density. Behe” has shown that any S-state force saturates, 
even if it has no repulsive core, whereas for realistic static forces 
the core seems to be required for proper saturation. For nuclear 
matter, this means that at least S ana D state contributions 
should be included in a quantitative test of an approximation. 

As an illustration of the importance of employing realistic 
potentials, let us look at the second Born approximation for the 


1) 


S-state Yamaguchi separable potential ~ without hard core and for the 


1 





BGT potential (the modified Gammel -Thaier potenmiai” employed by 
Brueckner and Gammel- (BG)). For the BGT potential, the core must be 
treated separately, and the term "second Born approximation" refers 
to the perturbation calculation of the long-range part of the poten- 
tial (see Chapter IV). The corresponding values (with free kinetic 
energy propagators) are -8 MeV and -21 MeV. The thira Born 
approximation for the BGT potential yields -6 MeV! Thus a theory 
which is powerful enough to obtain good results with the rapidly 
converging 5S-state potential without hard core may not necessarily 
be able to yield good results with a realistic potential. Further, 
as Will be shown later, the fact that the tensor force gives no con- 
tribution in first order but is responsible for a large contribution 
in higher orders also mitigates against the use of purely central 
interactions as tests of nuclear matter theories. 

Finally, in line with the above remarks, one should note 
the danger inherent in using a simple potential to estimate the error 
Leims, fOr any elven approxinevion: this could yield resuive in 


error by a factor of two or three -- and perhaps more -- quite easily. 
A. MOSZKOWSKI - SCOTT SEPARATION METHOD 


The first approximation we discuss is the Moszkowski-Scott 


ied flo. To 


separution method (henceforth referred to as MS). MS 


separate the interaction into a short- and a long-ranged part, 
vV=v_t Vy: 2he Separation distance, d, 1s chosen so that Lhe 


short-range part, Vien gives zero phase shift for free particle 





scattering. Thus most of the attraction is in v_ (as well as all 
of the hard core repulsion for hard core potentials), and the effect 
of the long-range potential is quite small (and is calculated in 
second Born approximation). A detailed discussion of the method and 
the physical significance of the approximation is given in Reference 
Ji for central forces; the extension to tensor forces is discussed in 
Reference 17. 

With the separation of v defined above, the many-body 
wave function Y¥ is approximated for r<d by yr the free- 
particle wave function (with interactions between the two particles 
but no effect of any other particles) and at larger distances by 7 


the unperturbed wave function. The condition for determining 4d 


guarantees that 


Pia) = (4) ana 7¥¥(a) = 760(a) (6.1) 


This definition of the separation distance gives a quantitative 
definition to the term "healing distance" originally introduced by 
Gomes, Walecka and Weisskopf. !! 

The two-potential problem has been previously treated for 
the scattering matrix by acco and by Gell-Mann and eoldbereeus 2 
wie Gerivatlon fOr the .eaccion mavrix 1S Similar in meny reepects. 
We present here a brief sketch of the MS separation method, and indi- 
cate the improvements in the approximation suggested by Kehler. 2® 
Other improvements have also been suggested by =e but they are 


necessary only if the detailed calculations are extended to third 


order, and we will not discuss them here. We shall use the matrix 





es 
ees 
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notation of MS except that the nuclear reaction matrix will be 
designated by K instead of oe 


Equation (2.12) for the K-matrix can be written in matrix 


form as 
- Q 
K=vtvek (6.2) 


where Q is the Pauli exclusion operator (restricting intermediate 
states to momenta greater than ka) and e is the self-consistent 
denominator. We shall use relative momentum states, as in the 
approximation of Brueckner and ieetereen so that e=k"/M + V(k) 

2 (1 /M + V(k')}), where k' is the relative momentum of the inter- 
mediate state. We will express K in terms of vy and ee where 


a is the reaction matrix for free particles under the influence of 


Vo Glen.) 1 26.5 — 10 Me is Hermitian 


o 


Vv (6.3) 


where eo (k,k") = a = Kt) / MM. Solving (6.3) for v_ (formally), 


we obtain 


yt (6.4) 


a 
e 


O 


Substituting this into (6.2) and multiplying by 1 + t.(1/e.) on the 


left yields 


ferefore, to Tirst order in x and v 





ae 


(1) 
K = t, + ¥, (6.6) 
‘Substituting this in the right hand side of (6.5) leads to the 
Moszkowski-Scott approximation: 
D 
x62) ee ee ee e - +)¢ + 
S a = S Ss SS e, 8 
+ 24 +t By 
Le s se 2 
=t + ee Yee AK(P) + AK(D) + AK(T) (6.7) 
or, in terms of cA), 
x62) = x4) + bt) Q (1) a (6.6) 
e se. Ss 


the physical interpretation of the terms on the right Nand side of 


(6.7) is as follows: 

ie AS already noved, t. is the reaction matrix for free 
particles acting under the potential a Onl). 

2. v, and v (a/e)v, are the first and second Born 
approximations for the long-range part of the potential. 


3. Vhe Pauli correction is: 


ost 
a oe (6.9) 


AK(P) = t : 


4, The so-called "dispersion" correction is: 
7 1 1 2 
AK(D) = t. (= - o's : (6.10) 


5. The second-order interference or cross term is: 





od 
La 
Nh 


AK(I) = v Se at Sy cov St. feel 1) 
cS © S 


The contributions of all terms in (6.7) for Pp = 1:5 fo teena ee 
cated in Table VI, when the potential used is the Brueckner-Gammel- 
Thaler potential discussed in the previous section. The data are 
taken from Reference 1/. For this potential, the Ms approximation 
predicted a minimum average energy of -14.2 MeV at ro= 202 F 
compared to BG's -15.2 MeV at 1.02 F and BM's -16.9 MeV at 
1.00 F. With only S, P and D waves (the only ones used by BG 
and BM), the MS energy was -13.6 MeV. Table VII shows the much more 
rapid convergence with a purely central potential, a feature which is 


discussed in more detail later. 


o-wave 


P-wave 


D-wave 


F-wave 


G-wave 





Table VI. Summary of contributions to E,_ (in MeV) for the Brueck- 


ner-Gammel-Thaler potential, ~ Pp = 125 p, The kinetic energy is 


28.0 MeV, so that Bay = 14.2 MeV. 





a This is the Gammel-Thaler potential quoted in Reference 3, as 


modified by Brueckner and Gammel (same reference). 





(1) * 
K v (ely, AK(P) Total 
S-wave 125 0.8 0.2 oes 
D-wave = 9.6 20.5 ao ee 
G-wave OG Ogc 
AU See tes| -52. ( alee 0.2 5.4 =o 250.0 


Table VII. Summary of contributions to EB, (in MeV) for the MS 


al 


standard potential,” = 1.5 F. The kinetic energy is 28.0 MeV; 


Pp 


therefore Fay = 022.0 MeV. Contributions not indicated are all less 


than 0.01 MeV. 
a The separation distance, d, between V. and a was chosen so 
that the first order contribution of Ge vanished. 


Dy eeet hd. 1 O.1 3 cr tex: 


In Table VIII we indicate the contributions from various 
states using the BM‘approximation (Chapter IV). As indicated in that 
chapter, this calculation yielded an average energy about 1.7 MeV 
more negative than Brueckner and Gammel's calculation. However, 
because the MS calculation also uses relative-momentum two-particle 
states (instead of single-particle states) as does the BM method, it 


iS appropriate to compare it to the -16.9 MeV of the BM calculation. 
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Brueckner Moszkowski-Scott Method 
Method 


(this paper)| lst order end order Toted. 








S states “4.9 -33.5 
P states ; +0.6 - 1.7 
D states : : --- - 7.1 
Total ; “4,3 -42, 3 
Binding Energy ‘ a13,6 
Tensor Contribution* 

a) self-consistent 200 


b) with V(k) above 





Table VIIf. Analyses of contributions to binding energy as calcu- 
lated in this paper and by Moszkowski and Seott.+° The tensor con- 
5 


V, a QO and computing the 


tribution was calculated by setting ip 


binding energy (a) with a single-particle potential V(k) that is 
self-consistent with respect to the modified phenomenological poten- 
tial, and (b) with the single-particle potential V(k) with which 
‘the 5S, P, and D state contributions were computed. Moszkowski 
and Scott used a first-order approximation to a self-consistent 


V(k) to compute the tensor contribution. 





We note that the largest error is in S-states, where MS underestiimte 
the potential energy by about 5 MeV. In P-states, whose energy con- 
sists of large contributions of opposite signs (as much as 14 MeV), 
the MS method predicts -1.7 MeV compared to 0.6 MeV, a difference 
of -2.3 MeV. The D-state contribution is underestivated by 0.4 
MeV. ‘The tensor force is a principal source of the S-state error. 
With the MS method, its contribution is -9 MeV; with the BM approxi- 
mation it contributes -16 MeV. 

Bvaluation of the error in the Moszkowski-Scott method is 
not simple. in principle we can generate the third order approxima- 
eLOn, «§3) by substituting the second order approximation, be) 
in the right hand side of (6.5). The approximation can be extended 
formally to higher and higher orders in this fashion. Unfortunately, 
tie thre order Terms are extremely difficult’ to calculace, and oie 
of the essential features of the approximation -- its computational 
Simple ty == 12 loss. KShlert? has investigated the higher order 


terms and has concluded that the following equations are better 


approximations than the second order terms in (6.7): 


(Q-1)e 
AK(P) = = 
S 
O 
1 1 
AK(D) = aa (e.-e) ars (6ci2) 
Oo O 
Q 
AK(I) = ev, e. t. 


He estimates (crudely) that the MS approximation underestimates 


AK(P) by a factor of 4, AK(I) by a factor of 2, and AK(D) by 





about 37%. He predicts that with the corrections suggested above 
AK(D) will be overestimated by 10%, and the other terms will be 
approximately correct. The major error should then be due to neglect- 
ing the third and higher Born approximations for the contribution of 
a 
Unfortunately, this is not the full story. Indeed if we 
apply Koéhler's error estimates to the quantities listed in Table VI, 
the S-state contribution becomes about -35.8 MeV, which differs 
from the BM result by about 3 MeV. Much of this remaining differ- 
ence would probably be obtained from the higher Born approximation 
terms. A similar analysis for the P-state also points to some 
improvement. The corrections to the second-order terms would lead 
tO about 2 MeV repulsion in P-staves, a part of which woulda be can-— 
celled by the third order Born approximation, v (A/e)v,(Qe)v, 


The calculation with the modified correction terms has been done for 


a central potential which MS calls the "standard potential.""+ ies 
defined by the equations 
v(r) = + 0 a = 3.5hi1e 
3 ro-r 
where . (6.13) 
2 2 
= -S Vv ob(r-r¢) r <r vis AT we 1.4458 
O eC o m 
and the parameters were: Yr, = O23°%', r= 2.5 F, and s =. 


lable VII gives the results for this potential using the MS equations. 
Koéhler's error predictions applied to the second order terms suggest 


that the corrected mean energy would be about 1 MeV less attractive, 





& prediction that a later calculation by Scott and Mesceoeee veri- 
fied. However, because: of the complicated effects of the tensor 
force, we cannot expect the analysis to carry over rigorously to the 
ealculation with the more realistic BCT potential. 

Comparison of the rates of convergence with the central 
interaction (Table VII) and with the full interaction (Table VI) 
indicates that the strong tensor potential definitely worsens the 
convergence of the approximation. Scott and ocgeouser | predict 
that higher order terms might contribute several MeV. This poorer 
rate cof convergence is a direct consequence of the fact that tne 
tensor force contributes nothing in first order, and thus all its 
contributions must come in second and higher orders. Furthermore, 
the tensor force makes the selection of the separation distance 
between the short- and long-ranged interaction very difficult, and it 
is no longer possible to obtain zero-phase shift. That most of the 
error in the M5 eotemietion. - is due to high order tensor force 
effects is also borne out by the calculations done by both MS and BM 
without the tensor force. As indicated in Table VIII, the BM calcu- 
_ lation showed a contribution of -16.7 MeV, or -14.1 MeV if V(k) 
is computed self-consistently with respect to the tensor-less poten- 
tial, compared to MS's estimate of -9.0 MeV with an approximately 
self-consistent V(k). 

The error in the MS approximation (6.7) with Kohler's 
revised second order corrections (6.12) would probably come from the 


following sources: (1) neglect of higher order Born approximations 





PVvoOlL Vins v, and higher order corrections; (2) errors cue to the 
inability to choose the separation distance, d, so that the phise 
shift vanishes for - when the tensor force is included (this is 
discussed in Reference 17); (3) errors in approximating the higher 
order terms contributing to the Fauli, dispersion and interference 
corrections with second order terms; (4) errors arising from the 
approximations used for computational simplicity in the evaluation of 
the various second order contributions (see Reference 11 for a 
detailed description of these approximations); and (5) higher order 
corrections in (6.3) and (6.5) coming from the fact that v. ic not 
Hermitian (due to the slight momentum dependence of the separation 
distance, d -- see Table III of Reference 11). The above errors are 
listed in the probable order of decreasing magnitude: the first 
listed is probably a two or three MeV error, the last less than half 
an MeV. Our analysis has also shown that most of the error will be 
in the contributions from low angular momentum states. For Z2e2 , 
the error is less than 0.5 MeV. This improvement is to be expected 
Since the Born approximation is adequate in very high angular momen- 
tum states. It must be emphasized that these error estiuates are 
with respect to the Brueckner approximation. Any errors inherent in 
that approximation will also be inherent in the MS approximation. 
some cancellation of errors undoubtedly does occur, but we 


dy 


ust agree with Scott and Moszkowski~! that the separation method is 
orobabiy not an adequate quantitative tool for use with tensor inter- 


actions. However, 10 does appear to predict the qualitative eifects 





properly, and because of its conceptual and computational simplicity, 
it has considerable merit as an analytical tool. In particular, it 
has been used to obtain an estiluate of the size of the three-body 
cluster term using a potential with a hard ene tO Study une 
e(Tects Of the repuleive core; and to evaluate the use of various 


dei 


potentials for approximate many-body calculations. Recently Bethe, 


9 


Brandow and Petschek” have used the MS separation method in conjunc- 
tion with a "reference spectrum" approximation to obtain a powerful 


variant of the approximation which may be capable of greater accur- 


acy. This new approximation is discussed in the next section. 
B. REFERENCE SPECTRUM METHOD FOR NUCLEAR MATTER 


This section reviews the "reference spectrum" method pro- 
posed by Bethe, Brandow and Petschek (Reference 9, hereafter referred 
to as BBP). The two principal techniques employed are (1) to 
replace the spectrum of intermediate states with a "reference spec- 
trum" of the form A + Bk (enabling the reference K-matrix, Ke ; 
with energies so defined to be calculated easily), and (2) to en- 

_ ploy the MS separation method, but with the separation distance so 
defined that the reference wave function for r> d, goes over 
exactly into the free particle function (whereas MS put this require- 
ment on the wave function of two nucleons interacting outside of 
nuclear matter). Complete calculations have not yet been made with 
this method, but the authors estimate the error for central poten- 
tials to be about 0.1 MeV for the diagrams usually included (i.e., 


not including the error from fourth and higher order "cluster terms"). 
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iS etter for Censor potentials will be greater, for the same reasons 
that the MS separation method was not fully quantitative for tensor 
potentials. The details of their calculation are quite involved and 
only certain key features will be discussed here. 

In (6.7) we have indicated the terms through third order 
which one must calculate in the MS separation method. The leading 


terms are 


oe Q e 
K=K,+v, + Ve et O(v-) . (6.14) 


The Born approximation terms (the second two) can be calculated 
through second order because the wave function for the long-range 
part of the interaction is just the unperturbed basis function. The 
third order Born approximation is too complicated for direct computa- 
tion at present, and unfortunately is not negligible for tensor 
forces. However, it is probably Smaller than Che apparent error in 
the Ms calculations because the separation distance will be larger 
by virtue of its definition (see preceding paragraph). From (6.1) 
it is apparent that it is important to calculate Ko precisely. 

BBP have found that this can be done in a relatively simple approxi- 
mation. MS point out that Ko has matrix elements mostly to inter- 
mediate states of high momentum (of order 3p). Consequently the 
Pauli principle (the operator Q) does not have much influence on K. 
but the energy spectrum "e" of the intermediate-states does. This 


suggests the use of a "reference matrix” 


ee, tvs KS" (6.15) 
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with the "reference energy" of the excited particles defined by 
Dae ) =A, + p “/emt (6.16) 
R**n 2 n 


‘where M* is an effective mass. Thus, the energy denominator 


becomes 
ate (2 K/h ei pe / i (6.17) 


with 


| ca 1 
= w(k - ; P) + w(k + A P) ; 


The coefficients A and M* are chosen to Bive the best average fit 
to the actual energy spectrum E(k') in the region of k' which 
matters most for the solution of (6.15), 2p, to De . Once x" is 
obtained, the actual nuclear reaction matrix should be calculated 


from the exact integral equation 
a 
Keke (LS - 3x. (6.18) 


Since e is chosen to be a good approximation to e in the region 


R 
of k!' important for the short-range forces, the second term in the 
above equation should be small. Therefore, it is a good approxima- 


' tion to replace K on the right above with KC, the approximate 


equation for K is then 








(x|K[k) = Ck[K]k) + (ar) Sfax' [dk y |? (A - MEY) (6.19) 
en(k')  e(k!) 


KR is Hermitian when defined as in BBP. 


The importance of the "reference spectrum" method is the 





fact that it permits the extension of the MS calculations to the full 
nuclear potential inasmuch as it makes it possible to obtain with 
reasonable effort the energy spectrum (recall that MS had used the 
BG self-consistent potential for their calculations with the BGT 
potentialt’). Furthermore, by using the reference spectrum, BBP 
have been able to treat the effect of the hard core on the energies 
of particles with high momentum more accurately than previously done 
because they have picked up the core volume term neglected in pre- 
vious calculations. A more exact method for incorporating this term 
in reaction matrix calculations is discussed in Chapter IV (Section 
B.3), and we will not treat it further here. However, it should be 
noted that it was the BBP calculations which pointed to the impor- 
tance of this term in the off-energy shell calculations of particle 
energies. The fact that the particle energies should be computed 
farther and farther off the energy shell for higher particle momenta 
(see the above referenced discussion in Chapter IV) also increases 
the effect of the core terms, and the potential energy for particles 
of high momentum becomes large and positive instead of going to zero 
as in the calculations of BG and BM. The effect of this change in 
energy spectrum on the self-consistent calculation of the mean energy 
was not calculated by BBP, but it has been estimated (in Chapter IV) 
to reduce the calculated mean energy a fairly large amount, perhaps 
two MeV or more. 
Reajaraman’” has investigated the effect of the core volume 


term on the three-body cluster's contribution to the energy of the 





ere, 


system, and concludes that it is comparable to the other third order 
terms for high momenta. He suggests a procedure for treating the 
three-body cluster as self-energy inserts for the calculation of the 
Particle eneresies. The effect of this term us to reduce the core 
contribution to the single particle energies in the region @round 
S Pp about half. However, he accounted for the effects of the 
tensor potential very crudely. Further, even though BBP estinate the 
effect of the three-body cluster may be two or three MeV on the bind- 
ing energy per nucleon, we do not believe that it is consistent to 
take it into account without some effort to sum the higher order 
diagrams which can be related to it. Self-energy and ladder-diagrams 
related to the basic three-body cluster will cause its contribution 
to be considerably reduced. A calculation with reaction matrix 
interaction and self-consistent energy denominators would help to 
clarify the picture considerably. The calculation referred to in 
Chapter IV (see Table IV), which yielded about 6 MeV for the con- 
tribution of the three-body term as obtained from the BBP spectra 
with and without the estimated three-body correction, should not be 
_ considered quantitative because, as indicated in Chapter IV, the 
remainder of our calculation using their spectrum is subject to 
several large corrections. 

One further comment should be made about the BBP calcula- 
tion. They treat the core separately and in good approximation Tor 
ali angular momentum states. BG, and also BM, treated the core only 


for those states for wnich they also treated the attraction since 
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there is considerable cancellation between the two interactions for 
the other states. Thus, to be consistent, the treatment of the 
attractive interaction mist be extended to many of the higher states, 
including the appropriate tensor couplings. Further, as BBP point 
out, the treatment of the core in all states involves the assumption 
whew the Core 26 presenc in ail Ssvuates, and 1S the same for all of 
them. This assumption has not been verified either experimentally or 


theoretically. 


GC. THE PUFF APPROXIMATION 


13,14 is based on the Green's function 


The Puff approximation 
formalism of Martin and Sengineen The derivation is quite lengthy, 
and we shall merely sketch it here and then discuss the final system 
of equations. A thorough discussion can be found in the papers by 

: al 14 ie: ee 
Wartin and Schwinger and Purr, and a heuristic derivation and 
another summary in a paper by Falk and Wilets.°? ees has also 


briefly reviewed the theory, though not in detail. 


Consider the Hamilbonian 
1 = H- uN (6.20) 


where H is the usual Hamiltonian 
oo? t oe e Z , 
eS ea) | ce /2m) ‘(x,t ) to jdr,dr,dr dr, 


‘ rl rai : Ut a. flo a 
x ¥ ao (5%, )v(4y Tp sary )¥(,t, (4%) (6.21) 


(with n =1). The total number of particles operator, N, is 





hs 


given by 
z Iie 
N = eee y (r,t, ) ¥(r,¢,) (6.22) 
‘and u is a Lagrange multiplier (which, of course, turns out to be 


the chemical potential). For fermions the n-particle Green's 


operators are defined by 


a ey r) = (_-)0 1 t 
G (1. ..n31 pee) = a) e(t)-.-t t)...t!)2 


ry(1)...¥(n)s¥8(n')...¥T(2')7 (6.23) 


where TL ] is the time-ordered product, and e¢ is (-1)” where 


p is the number of permutetions to go from the time-ordered cequence 


to the "standard" sequence, t aes tu ine ty, Gedy ee 
n mean rity fo oe ttn . Averaged Green's functions are 
defined by 
* (NEE |G, | NEE) 
G_ = (NE|C, | NE ee (6.24) 
a 3 


wnere | NES) is a state of given N, E (eigenvalues of the opera- 
tors N and E) and any other quantum numbers €. For simplicity, 
_we will not indicate the latter quantum numbers in our equations, but 
they are there, of course, and must be summed over in actual calcula- 
TLONS 

Lhe G. obey a set of linked equations: 
G (1-..njl'...n') = G5 (2 nt+1)V(nt+l nt2)G 52 3...ntlsnt+2;(n+2)" 

mi 


i een) a 
j=l’ 


re O = ft . 1 7 s § 1 
) G, (1 5 )G__, (2 oae we OM ey ace 


(6.25) 
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where V(12) = i ae - re )6(t, - t for a local potential and 


9) 


(n + 2)" involves a time infinitesimally larger than that of (n + 2). 


ic ie det ed r Oo. 0e G) for no interaction, and the equation for it 


can be easily solved ( so that G. is a known quantity). 


ae 
Finally, it can be shown that the total energy per unit 


volume of the system is given by 








2 
; k 
2M ees fax MP FG Be be wet, -4 
: (on)? ina O'l = 2m 
(6.26) 
where G, (k,,t, - t,' ) is the Fourier transform of G i (rytysr 1 ty ye 


With these definitions and equations in mind, we proceed to 


develop the approximation. The equations for G, and G., can be 


written 
O O et 
G(1,1') = G)(1,1') + G(1,2)v(23345)G,(453;3°1 ) (6.27) 
and (with considerable rearrangement of terms from (6.25)) 


G(12,1'2') = [G,(1,1')G,(2,2") - G(1,2"')G, (2,1')] 


+ 


O O 

G5 (1, 3)G, (2,4) V(34;56)G,,(56,1'2") (6.26) 
+ (terms of order vw involving G, and GG.) 

It is in this equation that the approximation is made. The terms of 

order ve are dropped. An S-matrix is then defined (schematically) 

oy 


VGare = 8(G,G a GG, ) : (6.29) 


For zero temperature nuclear matter, S is determined by 





S(w) a 1 s(o) (6.30) 
all m,n Jj 5mn wre nS, mn ;kZ 


Ante = V.. + 
as Ke gay oe 


‘where the e¢ are the kinetic energies and w is an energy 
parameter. This equation, identical in form to the free two-body 
scattering equation, is obtained only after considerable manipulation, 
and depends on the analytic properties of the approximate Green's 
function arising from a further approximation: that the chemical 
potential yw is independent of the interaction and is less than one 
half the binding energy of the deuteron (since the deuteron binding 
energy determines the location of the pole in the two-body scattering 
matrix). This assumption that uw is fixed, negative and independent 
of v removes the Puff approximation from the realm of pure pertur- 
bation wieory: «Lt G,(rt,r't') is expressed as a double Fourier 
transform of a spectral function, A(k,w), then it can be shown 


that, subject to the above approximations, 
A(k,w) = arp, 6(w-w,,) (oO. o.) 


tor two perviciles in the Fermi sea, where 


; _ fa 
ee Vb) (6.32) 
OV, (w) = 7 
Py = 12° a pew (6.33) 
Sani 
and 
Vb) Fie "103 (ke)p : (6.34) 
aes f 


is a modified Fermi momentum which is determined by requiring 


LA 
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the sum of the to equal the particle density (or, equivalently, 


Pk 
the integral over the approximate one-particle Green's function to 
equal the total number, N). Thus, the density is given by 

es (6.35) 


p 
-, PK 
KsDo 


where the factor 4 accounts for the spin and isotopic spin degen- 


eracy. Finally, the energy per particle is 


z 


Ksp 5 


V,(2,)]o, (6.36) 


Nol 


€ a 


pl k 


B_+ 
N oo 


In this approximation, the center-of-mass and relative motions 
Separate, and the T-matrix can be solved in terms of the relative 
momenta alone (as in the Brueckner-Masterson approximation). This 
leads to considerable simplification of the actual calculations. 

If we had solved CG. exaculy, instead of approxinavely 
through (6.27) and the first two terms of (6.28), then the energy 
expression we would have obtained would have been exact, and we 
would have 


Dee (6.37) 


and, at the equilibrium density (where the pressure of the system 


vanishes, 


E/N=wu. (6250) 


(6.37) and (6.38) are just the equations of the Bethe-Hugenholtz- 
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Van Hove fneoren Puff uses (6.38) as the condition for the 


oS 


>sroper value of E/N. However, as Falk and Wiletsms pointed out, 
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the use of an approximate equation for G. », as well as the 
presence of the "rearrangement energy," make (6.38) invalid and we 


Must instead use the relation 


as the condition for determining E/N. 

Therefore, the proper prescription for calculating E/N in 
the Puff-Martin approximation is the following: (1) calculate the 
scattering matrix, S(w), as a function of the energy parameter, w; 
(2) solve the simultaneous equations for Ww. (6.32), Pie (Bess) 
and Vv, (w) (6.34) for a given value of a (3) calculate the 
density, p (6.35), and the mean energy, E/N (6.36); and (4) re- 
peat the process for a sufficient number of values of De to 
determine the minimum of E/N as a function of the density, 4 

This set of equations is actually more difficult to solve 
for a local, hard core potential than the equations in ML, because 
the T-matrix must be computed for sufficient many values of the 
parameter w to make an accurate evaluation of 0, (6.33) possible. 
However, for a separable potential it is possible to obtain an 
analytic solution for S(w), and the remainder of the problem is 
then fairly simple. purel and Falk and Wilets?> have obtained 
solutions for an S-state Yamaguchi separable potential with a hard 
shell (with ri = O.4 F). Puff, using the condition E/N=u , 
obtained E/N = -14.7 MeV at 0.92 F. Falk and Wilets found the 
minimum of E/N to occur at 1.01 F, with E/N equal to -17.6 


MeV. In both calculations, ppt was about 5% greater than the Fermi 





momentum of the non-interacting gas (i.e., the perturbation tneory 
Fermi momentum). 

In evaluating their error, Puff and Falk and Wilets estimate 
the contribution to E/N resulting from the terms neglected in Go 
by dropping the last term of (6.28). They obtain several contribu- 
tions of order $° (or wv), which are estimated to cause an error 
in E/N of "less than about 2 MeV" and an error in ro of "less 
than about 10%. "99 This error estimate is borne out by the calcula- 
tions of BM (Fig. 9) in which, with a simpler version.of the approxi- 
mation (described below) an error of 10% in these quantities resulted 
for two different Gammel-Thaler potentials (-18.9 MeV at 0.90 F 
vs. -16.9 MeV at 1.00 F for the BGT potential). The BM version 
of the calculation, based on a@ description by Eee 2 uses the 
S-matrix as defined by (6.30) but uses the Fermi distribution, ne 
i place Or Py, and the unperturbed Fermi momentum, Pp > in, place 
of Pe Lhis approximation was no easier computationally than the 
full BM approximation for the local, hard core potentials, and the 
use of the full Puff approximation would have been an order of magni- 
tude more difficult because of the extra simultaneous equation, (6.33) 
rer 0. which requires knowing the S-matrix as a function of w 
sufficiently well to take accurate derivatives of it. In terms of 
the computation itself, this would require calculating S(w) for 
Many Velues of © Tor €very value of the momentum instead of using 
the “best available value" (i.e., the value 2, computed on the 


previous iteration) in an iteration scheme. The use of the full 
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Puff approximation would undoubtedly shift the result in the airection 
ef the BM result, but how much is not known. The full calculation 
was not attempted because of its additional complexity and because, 
as discussed below, there exists a second order discrepancy between 
an expansion of the Puff equations and the BG expansion. This dif- 
ference between the two approximations is a direct consequence of the 
assumption that y is fixed and independent and negative, said 
approximation removing (as noted before) the Puff approximation from 
the status of a pure perturbation expansion. 

The Puff-Martin approximation is easily compared to the BG 
expansion if we expand in powers of the two-body potential, v. 


Equation (6.33) for the momentum density then becomes 








7 -1 
_ : 3 Laivait 
Py oe ie Sw? inns S(w=w ee witap %) 
: k 
A 
= -=-—- o Mew < «se 
J o+ Su 5 S(w + 4 ka; (kg) | 
4SDy Ww = op 
ae 
= i ——— > os a 
+ Sw ! Lye P “x0:(Kg) 7 asp P “kg smn 
Pp oe W'+tW -€ Ee 
all m,n LS 
v ) + O(v?). (6.40) 
m;(kg) 4 y_ 
W =) 


An equation similar to this is used as the starting point of a heur- 


istic derivation of (6.33) for by Falk and Wilets. Next the 


Pe 


Puff equations are expanded in terms of the unperturbed Fermi 


momentum, Pp» instead of ee - to do this, we note that 





k~ 
in 
PO 


0 = 4 > lees Z bs (6.41) 


‘Thus, using (6.40) 





De 
Sie ees oy Ey 
k<pp, KSDp K=py kspp LSPq re See 
at Mh 
| aoe oy 
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k 
From this we obtain 
Dae 
i i i’ 3 
= - eee 
i : e Bon As “kg 50 w'+tw -e€ -e mma3(ki)o ao, ae 
Pp rE ae 2 “m “n ik 
all m,n (6.43) 


and, consequently, using 4a Taylor expansion of the Suns trom ke ce 


Pp about Py and expanding p,,: 
= _ 3 i 
2 : E, 0, = ie e D, a BD = oan : 
KSDp Pp KSp, £<pq, Ww + =e -€ 
aL) msn 
Ve | + 
mn;(kg) Se 
. € 
3 a a ee | 3 
ase v Vv : + O(v~). 
Pp _du! Roe eae Tie a 
KSpp LSDy oy 2 re Wo =W 
all m,n (6.44) 


Then the Puff-Martin expression (6.36) for E/N is, through second 
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Here we have used (6.43) to resolve the second term of (6.44). The 


BG expansion, on the other hand, yields 


ij ah, al 1 s 
a OE : <= at 7 
Nv bce et 2 er Yegs(kg) * 2 ae “icg smn = 
“=Pp F Pp W, +W -E -€ 
10> Pi k “2g “mn 
Vv + O(v2) - (6.46) 
mn; (kg) J 


The higher order terms include terms arising from the expansion of 
and. us out of the propagator. By symmetrizing the second term 
on the right in (6.45), and by combining the last two terms of that 
equation and then subtracting (6.46), we find the difference in the 


two expressions to be 


CE, -€_7€y, 
iy (2) -1 L 7 3 “Sp : 
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this second order discrepancy has been evaluated for the 


{ 


o-state Yamaguchi separable potential ~ with the same parameters used 
Dy -FPuit Tor in QO. The details of the reduction are given in 
Appendix C, and the result indicates that these terms neither cancel 
each other nor vanish identically. It is emphasized that this cal- 
culation does not provide a real measure of the Puff-Martin approxi- 
mation; however, it does indicate the existence of a non-vanishing 
second-order term which has not been previously noted. 

We should also append a comment about the density, Oy. 


as given by (6.33). As we have shown in Section I, the true density 


is given by 


p= — eK + Sh ae(nye) - (6.48) 
< 5 O€,, 
~ Jf - — vw, ) 

OW). k 


The second, continuous term, which is missing from (6.33), was shown 
to be of order v° . Therefore, (6.33) is an approximation to the 
true Py, in which the effect or the continuous portion is approxi- 
mated by allowing Pp to increase to Phe That De is about 5% 
greater than Pp is indicative of the importance of this continuous 
jOrti on. 

There is one other comment about the reaction matrix, 


(6.30), which should be mentioned in conjunction with its similarity 
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to the free two-body scattering matrix. There is a major distinction 
between the two. For the free scattering matrix, the energy parameter 


is identified as 
+AE (0.49) 


where AE is the energy shift of a single particle due to the inter- 
action with one other particle, and is therefore of order (1/(). 


In the many-body case, where is given by (6.32), the energy 


Mk 
shift V,. is due to the interaction with all the other particles and 
is therefore of order WN/Q = 9 « in the former case it has been 


shown’= that 


Lim Lim 1 ,;2b 
E=- = (= E 6.50 
oe A gue 5 SZ? 4,() (6.50) 


where the 6, (3) are the free-scattering phase shifts. The binding 

energy computed in this approximation is much too attractive (-52 

MeV at normal density, with no sign of saturation for r20.8F).° 
In the many-body case, the 0(1/Q) term, which leads to 


the direct dependence on is "washed out" by the many-body 


0? 
effects, and the energy is proportional to tan 6, - Furthermore, 

. the oy should be the phase shifts appropriate to a many-body 
medium, not the free-scattering phase shifts. It is clear, further- 
more, that the region of w(k) for which the S-matrix is required 


for the many-body problem is far removed from the region determined 


from two-body scattering experiments. 
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D. MOHLING APPROXIMATION 


‘ eos 
fhe central element of the Mohling a@pproximacvion 3 as 


the free-scattering matrix, just as in the Puff approximation. The 
derivation, and the approximation itself, differ from Puff's, how- 


ever: pea = has summarized the approximation as follows: 


Mohnlineg Uses 4, Variacion of tne “binary collision 
expansion of Lee and Yang. The essential ideas are con- 
veniently explained in terms of the diagrams of Montroll 
and Ward?l (see also Bloch and de Dominicis7© ). They 
represent the perturbation development of the grand par- 
TEeLon LTUNCvLen 


Z = Trace [exp - 6(H - uN)] 


The solid lines [see the typical diagram below] represent 
the propagation of any number of particles from 'time' © 
to ‘time’ 8. Because of the trace operation the particles 
must end in their initial positions or (because of anti- 
symmetrization) in a permutation thereof. The pairing of 
initial and final states is indicated by dotted lines; 


MININSINS 
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hese may be thought of as continuing the solid lines on 
the far side of a cylindrical surface. The siggly lines 
represent interactions between particles. Hach such 
graph contributes a term to Z by rules that we need 
not set out here. 


Now by a number of partial summations smaller 
Sews Of diagrams, With modified rules of calculation, 
can be made to suffice. In the Lee-Yang-Mohling 
development the following types of ee are eliminated 
in the following order: 


(A) ‘Unlinked diagrams,' containing parts not 
connected to the remainder by either dotted or wiggly 
wines. Z is the exponential of the sum of the linked 
diagrams only. 





(B) Diagrams containing ‘ladders' in wnich two 
particles interact repeatedly, without interacting with 
a third. In calculating with the remaining dil@grams 4 
Wiggly line represents a matrix element of a scattering 
operator rather than a potential. 


(C) Diagrams with 'self-energy parts' connected 
to the remainder only by two solid lines. Each solid 


line is given a modified propagation factor to allow for 
the possible insertions. 


Because (B) is performed before (C), the inter- 
mediate states of the ladders propagate In an unper- 
turbed way. Inis results in unperturbed Kinetic enersies 
appearing in (1). But the subsequent insertion (C) of 
self-energy parts in the external lines of ladders modi- 
Pies the Initial and final enercics, and nence the 
appearance in (1) [the scattering matrix equation] of 
W' [the self-consistent single particle energy for 
holes |. 

The Brueckner reaction matrix is obtained by doing (C) 
before (B) and by eliminating, between (C) and (B), the "spirals" -- 
tines which completely loop the cylinder one or more Times without 
Interaction. 

Mohling's expansion matrix is the same as Puff's, (6.30). 
However, Mohiing's equations are correct to a higher order because 

his energy expansion contains second-order terms (in the reaction 
matrix) which explicitly cancel the second-order terms arising from 
the differences between his expansion matrix and the Brueckner K- 
matrix. The calculation in BM is exactly the first-order Mohling 
aoproximation and indicates that the BM approximation will yield 
2 proximately 10% errors in rand E,.. In Mohling's own calcu- 


iations, however, he further reduces the problem so that he can 





isolate a part which depends only on scattering phase shifts. His 
tog, le results, t° in which he uses an S-state square well with 
.repulsive core to calculate the other parts of the approximation, 
yielded a disappointing -36 MeV at f= 0.752 (c.f., Gomes, 
Walecka and Weisskopr! ! with -6.9 MeV at i =e OOS tie care 
potential with a very simple K-matrix approximation). Mohling esti- 
mates that the use of a better potential and more accurate accounting 
for correction terms would improve these results considerably. How- 
ever, some error is undoubtedly generated by his use of the free- 
scattering phase shifts: the phase shifts appropriate to this type 
of calculation should be the phase shifts for scattering of two 
particles in the nuclear medium. Although the BM calculatious indi- 
cate that the version of the approximation employed by them gives 
reasonably gocd results, they also indicate that the approximation in 
this form is no simpler with local, hard core potentials than the BM 
approximation =- and is Jess accurate. 

Finally, there exists a high degree of cancellation in the 
second-order terms occurring in this approximation and also between 
_ the second-order terms (due to the exclusion principle) and the 
third-order terms (due to neglect of particle self-energy in propa- 
gsators). Because of this cancellation, these terms must be calcu- 
Jated quite accurately and with realistic potentials to be meaning- 
ful. In particular, the use of a different potential from the one 
used for the first-order terms could lead to appreciable error (as it 


does in the approximation described in Chapter VII) because of the 
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@itferent hish order behavior of the potenviels employed. However, 
for calculations in which a simple formulation is desired, and 10% 
accuracy is sufficient, the first-order theory described in ML (and 
by pei?) is very simple to use with separable potentials. It is 
mach simpler to eciploy than the Puli epoproximation because vhe seltT- 


consistent equations for the momentum density do not appear. 
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AN BASY NUCLEAR MATTIE APPROXIMATION 


In this chapter a relatively easy nuclear matter approxim- 
tion is suggested and evaluated. Motivated by a result derived in 
Chapter II, it features a release from the "“self-consistency" recquire- 
ment which complicates other nuclear matter calculations. There are 
only two computationally difficult Quantities required, the Green's 
functions and the momentum density (through second order). ‘The for- 
mer, being independent or the nucleon-nucleon potential in this 
approximation, can be computed once (on a computer) and tabuleted for 
all D@ucure Use Of the approximacion. The momencum densities, of ohe 
Other hand, can be calculated with a separable potencial and lisnewise 
tabulated. The remaining equations are all easily handled: a4 aesk 
calculator would suffice, though a small computer would be desirable. 

The approximation to be employed is motivated by the 


derivation of (2.78) in Chapter II: 
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In the absence of an experimental P,, the above calculation wouid be 
very difficult. However, we may approximate the above reaction 
. matrix with the t-matrix derived in Appendix B (B.1) 
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and use a second-order (in t ) calculation of the density, defined 
in Chapter II (2.23): 
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To verify this solution, we substitute (7.5) in (7.3) 
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Or, changing indices 
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On comparison with (B.2), it is apparent that this approximation is 
exact to fourth order. Further, the terms in the brackets in (7.7) 
_are just the single-particle potential energies in the t-matrix 
approximation, with A = 0 (in the t-matrix denominator) for ell 
momenta. 

For those t-matrices computed with hard core separable 
potentials, the further approximation of Chapter IV was employed: 


namely, the "realtive momentum approximation" with the t-matrix 


defined by 
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The above approximation leads to considerable computational 
simplicity. Furthermore, the neglect of the P-dependence of the 
energy denominators of BM is exact. The calculation consists of the 
following: 

(1) The Green's functions (4.5) are independent of the 
mueleon=nucleon potenvial because the enerey denominator consis 7s. OL 
xinetie energies alone. Therefore, the Green's functions can be com- 
puted very accurately just once and tabulated. Because they need to 
92 COluputed only once, thy can be treated in a straightforward man- 


ner, by numerical integration to an extremely large momentum so that 





the correction to the integral is either negligible or very trivial. 
Once tabulated and reported, they need never be computed again. 
(2) The density (7.5) can wise oe 8@euleted once and 
Samilearly tabulated. For this surpOtMite Seca *e0se ~Voent ai with 
merd core or hard sheil coele oe, used. 
(3) Then with the @en's functions and densities x. 
"known" quantities, the full system oi equations to de solved ror any 
given local potential with hard core consists of 
(a) Eq. (4.8) for the modified basis functious, 
s (sr) 5 
(bd) Eq. (4.9) for the modified Green's functior , 
Fe(r,0')5 


As 


(c) Eq. (4.10) for the radial wave functions, 


(ad) Eq. (4.11) for ee 


(e) Eq. (4.12) modified as follows for V,: 
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roc -p > Pp the first integrai vanishes. 


(f) Eq. (4.13) modified as follows for i 
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The equations of (3) above are all independent, ana most 
are trivial. Only the equation for the radial wave functions, (4.10), 
Meeoctite any diiiteulty 6b ail. However, 10° can be solved oy icera- 
tion, and if iterated as indicated in BM, three iterations should 
Suiiice for accuracy commensurate with the overall approximation 
(within 0.2 MeV). The numerical integral in (7.11) cuts off quite 
tapidaly. 

Equations (a) through (f) above can be solved on a desk 
earclilavor Cven for @ Tairly complicated nucleon-nucleon povcutial. 

TIES spproximavion nas Deen evaluaved 2n Two cilrerent 
@ases. The fires Cvaluacvion, Used tO test 1oS Teasibility,. was £0 
use the approximation indicated by (4.22) with V' computed with 
A = 0; i.e., using (7.7) above. To calculate V - V' (A = 0) we 
actually used V(A) - V'(a). This is a good approximation because the 
curves of V and V(A) are nearly parallel (see Fig. 4 of BM). ‘The 
other calculation, involving V(A = 0,, would have required modifica- 
tion of the code to perform a principle value integral in (4.5). 


This could have been achieved computationally with the replacement 
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where § is chosen small enough ( ~ 5 to 10 MeV) that the two sides 
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of (7.12) are essentially equal except very near w, = Wy, = w. 





The calculation yielded the curve of Ey vs. r. shown in Fig. g. 
The values obtained differ considerably from those indicated in 
Table IV, an indication of the importance of taking A =O for this 
approximation. The minimum of the above curve is Baa = -14.0 MeV 
at a 1.04 F, in good agreement with the BG and BM results 
(-15.2 MeV at 1.02 F and -16.9 MeV at 1.00 F, respectively). 
This result indicates that the approximation can be expected to be 
semi-quantitative. 

An attempt was also made to calculate O. with a senarable 
potential. The Yamaguchi potential witnout hard core? was used. 
née calculation of the density is described in detail in Appenaix EH. 
Tne résulting density 1S indicated in Pie. 10. Hace has 
obtained a similar density from an approximate calculation with a non- 
local interaction. When used in (7.10) and (7.11) with the same 
t-matrices as used in the previous calculation, the density of Fig. 
10 gives 32.1 Me at Pp = i 52 to (no attempt being made to find 
the minimum). The reason for this result is obvious. Without the 
core, the Born approximation converges rapidly, and therefore the 
1igh order terms are small. Alternately, a hard core would deplete 


to a much greaver extent the states below the Fermi sea (the average 


be 0.98 without the core). Therefore, 


gensity being about 0.87 


FF 


46 is ExXC@euingly important to use a separable potential which 
ineluass the hard shell or hard core interaction. It may also be 
Mpoortant that the potential include a reasonable tensor-central 


2OrCe Tet10. However, since represents an average over Uce 
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Hage. Bay Vs. Yo for the "simple approximation" using 


the BGT potential. 


Fig. 10. Momentum density using the Yamaguchi potential. 


The potential does not have a hard core. 
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t-mutrix elements @md since the thira-craer ter: in (7.6) Will 
include one power of t computed with the full potentizl, it i2 
Dpeobavle that Just including the coré erirecus will be sufficient io 


the type of investigations for which this approximation will be use- 


ful. A program in now underway to use an S-state potential with hara 
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shell (the same as that used by purre” and by Faik and Wilets~~ since 
it is known to give reasonable saturation properties). 

Once the density and Green's functions have been calculated 
and reported, this approximation should be quite useful for a large 
Variety of investigations. As emphasized earlier, it can even be 
completed on a desk calculator, though a computer (even of very 
limited capabilities) would be desirable. Among the possible uses 
one can envision are the evaluation of the effects or various 
phenomenological potentials, further investigation into the influence 
of various terms in the potentials and in the expansion, and any 
other investigations into the nuclear matter problem where reletvive 
comparisons would be informative. The approximation might even be 


simple enough to use as a problem in graduate courses. It would be 


Simple to teach and its solution should prove quite instructive. 





APPENDIX A 


THE BRUECANER-GOLDSTONE LINKED CLUSTER EXPANSION 


This appendix discusses several derivations of tne 


oe ee ; : 
Brueckner-Goldstone linked-cluster expansion” ’~ (BG expansion) Zor 


the energy of the "normal" many-particle Fermion system interacting 


via two-body isotropic forces under conditions such that the unper- 


murbed. ground State is characterized by @ spherical Fermi surface, 


Two of these derivations are reviewed in detail. The first ceriva- 


(aon, Oy Reayleien-schroedinger perturbation theory, 16 conceptually 


Simpler but cannot be easily extended to all orders. 


The second 


; | ae : | 
derivation, due to Goldstone, is rigorously correct to all orders of 


perturbation theory for the type of system being considered. 


hxten- 


sion of the BG expansion to systems for which the unperturbed ground 


State is not spherical and some Topics related to the general valid- 


ity Of the expansion are discussed. 


The Schroedinger equation for the system is 
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The unperturbed Hamiltonian 


satisfies 
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(A.2) 
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D is the unperturbed mdéity-pacsticlte wave fuMetion; it DUMETi mgs & 
filled Fermi sea -- a state with no Moarticle."” {1 "sarticle” Bene b 
wasi-perticle with momenta greater than tne Fermi momentus, CMe 
no "holes" (a "hole" denoting the absence of a quasi-particle with 
momentum less than Da) The term “quasi-particle” is used to denote 
ine fact that the independent “particle” of the model need not oe a 
real nucleon, but it may be a nucleon surrounded by some distortion 


of the neighboring nuclear matter. The interaction Hamiltonian 


a x . 
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where Y 1S the true wave function of the interacting system. Unite 
are chosen such that n is equal to unity. For the present, co 
vhe unperturbed Hamiltonian, is simply the sum of the single-particle 


KIiNeTIC energies. so thaw 
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The quasi-particle creation operator a, is, in the "particle-hole" 
framewor:, the creation operator for a "particle" (|k| > Dp) or 
aonihitucion operator for a “hole” (|x| < Pa) . The corresponding 


mihilutioa/creation operator is Gy ihe expectation value in the 


apervuroed ground state of the number operator, B =a. a , is 
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The two-body interaction, ae 3 is the momentum Space transromm 
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of the actual spatial two-vody potential (whose existence we 
postulate). Throughout this section momentum indices are vector 
Quantities. 

Before discussing tne "successful" many-body perturbation 
BHEOrlesS, “Li ds IMSseruchive oO review the reason for the failure of 
the well-known Brilldéuin-Wigner perturvdation theory. The prescrip- 
tion for obtaining a perturbation expansion in this theory is to 
expand the wave function, Y , in terms of the unperturbed wave 
function, © . Substitution into the Hamiltonian (A.1) then leads 
to the following expansion for the interaction energy (indicated in 


operator notation): 


ae = (8, (Hp + Hy — — H+...) 8) . (A.7) 
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O O 
@ is an operator which projects out the unperturbed ground state 
(i.e., equals zero when operating on @,) . An analysis of the 
N-dependence of the terms in this bemiee shows that the first 
Order Tem 26 proportional to the total mumber of particles, kh, ana 
Sic’ Clie ner Order Leris are OL Order unily comarca co . iis 
Looks, iv first sight, like an ideal expansion for an infinite (or 


very iurce) system. Unfortunately, however, the higher order terms 
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are all about the same size, and their mum is of oraer N. Term of 
every order must therefore be considered in computing AE . For this 
reason, Brillouin-Wigner theory is not suitable for many-particle 


systems. 
A. Rayleigh-Schroedinger Perturbation Theory 


An early successful method of obtaining a perturbation 
expansion valid for many-body systems was Rayleigh-Schroedinger per- 
turbation theory. It has the advantage of conceptual simplicity, and 
the disadvantages that one can work with it effectively only in the 
first few (up to about six) orders, and that extrapolation to all 
orders of any results obtained therefrom cannot always be rigorously 
proven. 


We write the Schroedinger equation as 
(H, + MH) Yo = EY. (A.8) 


and where } is an expansion parameter (which is assumed to be small 
but which is set to unity in the final results). The true (inter- 
action) wave function, ¥ , is written in terms of the non-inter- 


action wave function, os , as 
} = So ° (A.9) 


Then ooth S and E are expanded in power series in the expansion 
Seraiiever 


2 
S=1+ AS, +S, +... (A.10) 


{> 
ain a 


Bete oe. ke eee (m2 ies 


We then substitute (A.9), (A.10) and (A.11) into the Scnrvedingsr 
equation (A.8) and equate equal powers of }. One can show, after 


some algebra, that 





é, = (30, Ss o,) pee (A.12) 
and 
i 1 n-L 
s,s %S,4-°5 = &S, on (A.13) 
m= 
where So = 1 and the propagator is defined as 
= : i) 
“ «EE -H 
O 


with @Q veiling a projection operator which projects out the unper- 


turbed state 2. i 
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At this point it is instructive to examine the N- 


dependence of various terms in the energy expansion. Brueckner?! 


analyzes this dependence quite thoroughly, and we shall merely indi- 


cate the method and the results. The first term, -¢. = ($0. Hf 0 )=E, : 


if Clearly proportional 16 Ns @he otal «xinetic energy 1S Ure. tovel 
number Oz particles times the uverage cinevic Gnersy per particie. 
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(where tue density, o , is xupt concotemt ay the volume, > eee 


W become infinite). To see this, we will write out the giveth ele- 


tense explicitly; 
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In the last equality we neglected the exchange term, which inereiy con- 
tributes a constant factor. Transforming to center-of-mass ana rela- 
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interacting wave function 


le ik-r 


p(x) = So 
x at/2 


we ootain 


J > = ; o> \ 
ae ee oan) non. (A.17) 


{In a large system, the integral over r is independent of \1 if 
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wove Tunctions appearing in the two matrix elements. ‘The nropjasatoc, 


veing a difference of free Kinetic energies, is a local property of 
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Order Unity comparcd.t6 i.) Thus é, is also proportional to 
bimilarly, it can be shown that the energy contribution in every 
order will have @ term proportional to N , such a term including 


all possible "linked clusters" and associated renormalization terms. 


A “linxed cluster" is a miltiple interaction in which the separcte 


two-body interactions are so linked through their momentum indices 
that the interaction cannot be described in terms of two or more 
mutually independent parts of the original interaction. An example 
of an "unlinked" term occurs in third order, below. 


In third order, with 
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by using the fact that (1-n,)* = (1-n_) and by separating the 
sums. Each term in (A.22) is separately proportional to No; there- 
gore, the ful) unlinked term is proportional to in However, the 
renormalization term (the second term on the right hand side of 


(A.20)) can be written 
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The first term on the right is identical to (A.22) except for sign, 
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pigilarly. in every order one Oetains vnlinked pore, ail 
of wnich are cancelled exactly by tre uppropriate terias from the 
_renormalization corrections of the same order. Brueckner shows 
mals explicitly through fourth order and. reports. carryinme, the oroor 
SUL saroueh sci xum order: 

The conclusion thet only "linked clusters" contricute to 
the energy of the quantum many-particle system is not surprising -- 
the corresponding theorem in statistical mechanics is well-«xnown. 
Tt is of fundamental importance to quantum many-body perturoation 
theory because it ensures that the energy series has a norml 
benavior: —-for larce i) The enersy per particle 2s 2ndevendent of 
Bie Si Ze Of the syscem. 

Unrortunately, the Rayleien-Sscarcedinger theory sill vais 
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where 


(2) 


pance 7 is proportional to No for large N, the last tern 


vanishes in the limit N-—-o , and we have 


which is the result we would have obtained using oe elone 23a 
brie! “LUnetiOn. ~Solnce this trial Tunetion produces no. improvement in 
the energy of the many-body system, we conclude that it has no 
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physical meaning for our problem. sBrueckner” analyzes the apoarent 
inconsistency in the fact that we can have a rapidly convergent 
energy expansion while having at the same time an exceedingly poorly 
converging wave function expansion. The heart of the argument is 

the fact that the energy is determined by the local properties or the 
wave function (which the perturbation series can predict quite 
accurately) whereas the wave function for the entire system requires 
a description of the fuli system which is equally precise at every 
locality in the system. The energy of the system is independent of 
the normalization because the normalization factor is cancelled in 


numerator and denominator whereas the total wave function is, of 


course, normalization dependent. 
Bb. Goldstone Proof of the Linked-Cluster Expansion 


Seas tone- was the first one to prove the lLinked-cluster 
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heavily on four quant im-me@chamé@cul "b90_§" alt. orc Tee ~~ Stee use 
first: the adeveloomEent Operator, the ccwmeetli.c tearm 
Theorem, and grapnical representation Of Ssexrturcation veg. 
puUneugn these topics can be found in textbooks on Cucnt eer: 
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theory (e.g., Schweber©°"), they are reviewed here in order to mise 


tne discussion complete and to fill ic a few of the intermeaiave 


SueDe tial are irequently omitted. 
1. Whe Development Operator 
the development operacvor 


Ult,,% exp(-iH(t,-v. )) eee | 


? - ~~ 
has @ simple physical interpretation as the time-transLevi@On coe ator 
for the wave function, o(t), of the system described by the 


Fem ttonian : 


At.) = U(t,,t, )ole,) : (A.29) 


\A.29) can be verified by operating with 3 dt5 to recover the time- 
acpendent Schroedinger equation. We now go into the interaction 


representation, with HH = Hy -- ise, by defining @ new weave function 
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i¥ = H_(t)y¥ (A. 31) 


x 
‘where 


H(t) = exp(ilt) i exp(-iHt) (A. 32) 


In the interaction representation, the development operator 
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satisfies the differential equation 
= ~j is 
sU(t,, t, )/dt, = -iH(t, )U(t,,t, ) (A. 3h) 


with the boundary condition U(t,t) = 1. Equivalently, it satisfies 


the integral equation 
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Iterating this equation leads to the expression given by Dyson 
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T is the chronological (time-orderiny) operator: it orders the terms 
in the brackets in order of increasing time from right to icft. The 
factor i1/n! in the last line corrects for the over-counting of 
equivalent terms introduced by using the 7 operator and extending 


all integrations over the full time range. 


ec. Adiabatic Theorem 


The form of the adiabatic tneorem we are interested in was 


cr 


proved for scatvering theory by Gell-Mann and Low. 


If the interaction Hamiltonian depends linearly on @ cou- 


~ 


pling constant. 92, 60 tier “n= Hy = gH, then the aalaoatic 
theorem asserts that the true eigenfunction of the interacting 
system, 1%, Can be obtained from the unperturbed wave function, ¢, 


by starting at t=+® with the interaction "off" and turning it on 
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aSSerus tau Che Prescviption 2Or Uescriving vais process 26 4 
follows. We use the "adiabatic" U matrix which satisfies the dif- 


ferential equation 


3/3 U(%,t ) = -te exp(-a|t])H,(+) Ule,t) , @>O. (A.37) 


U_(O,-*) thus describes the process of gradually turning the inter- 
action on from zero to full strength between t=-© and t=0. 
G (0,:2) has a similar intervretation. We shall prove that 
, U_ (0,2) 6 
lim A ye) 
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the wexpres-0n for the energy is chen 
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ei (4.40) 
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The fact that (6,¥),= 1 is a consequence of the normalization cf ¥ 


in (A.38). The assumptions needed to obtain the above results are: 
1) the state in qestion is non-degenerate; 2) the states are dis- 
crete (which is true for the finite system and which we assunue to be 


true for the limit 9- ©; and, finally, 3) the desired state Y of 


the interacting system is continuously derivable from the chosen 
B& 3sy Jy 


unperturbed state ¢$ -- i.e., 

. Y= 8, (A.41) 
and 

go E = 8. (4.42) 


In terms of the coupling constant, g, we will also prove that 


Ear eclony Og 
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Por tne two-body problem, Ue =) is the conventional scattering 


—- 2° ae 
eau CL ae he o 





To begin our proof, let us Sefine a state Y(@) by 


Ya) = U0, -)é (A.44) 
We will prove that oo ¥(w) is (except for normalization) the 


rue Gtate Gf tne Interactin=e system. = . -Now, by virtue Of our 


definitions of 3. (eigenvalue of Ho) and of Uy , we have 


CH ,U,(0,-©)Je = H¥(a) - BY(@) . (Ast) 


[H Sia : Bs (-i)” rh a(t 1+tot. . oe 
1 U0, -2) | = LH, At... at a 
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TCH, (4, )-- H(t)! 
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= TLH,(t,)..-HL(t a 
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Tne lest Line is a consequence of the fact that in the interaction 
representation He is the time translation operator; i.e., for any 


operator F(t), 


i{H»F(t)] = dF(t)/ot . (A.47) 


J : zr ‘ . ee ao = feces 
S@c iicvegrand in (A.46) is symmetric, so that 2 3/at, = n 6/6% 


17 : A ” : : 5 
wi (4.46) is equal to tre following when overeating on 
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Gta tet an att.) 
- ae TLH(t,)..-H(t )J J © 
The second equality reduces to the first if the partial derivative 


With Tespect. to tS is performed. Now 


O _ Ct Tt 1 


re OC al - A - ; 
ee ee = H(0) (4.45) 
ice al jt a2 


MWNererore, by changing indices of summation in the first sum of 
(A.48) so that this sum again runs from zero to infinity, by assuning 
that the aependence of H(O) on g is linear, (H(0) = HoteH,(0)), 


and by using (A.47) and 


n i C n . 
5 aoe ag G& 3 (A.50) 
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The last equality follows directly from (A.36). We have therefore 


shown that 

CH i gH.(0) Z BL) ¥ (a) ~ (H-E_)¥(q) = ieg = cae (A.52) 
Similerly, one can show that 

(H_-E.)U,(0,+%)¢ = - iag a U_(0,+)8. (A.53) 
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Taking the scalar product of (A.52) with ¥Y and using the fact that 
(vJH = E(Y| , we obtain 
leg ¥55 U.(0, )e) 
AR = E-E. = ———________ (A544) 
(¥,U,(0,-»)8) 


On wne Ovner hand, using (A.52), we note that 


(H —ay- iow ——)¥ (a) 
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y + Ls 


oe Yo) | | 
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then 
(3,(H-E )¥'(a)) = ieg Sg | t0ghe,U (0, -)e) (A.57) 
Thus, if the ra Y'(w) exists and is well-defined, we have from 


(A.55) and (A.53): 


| lim o= : 2 
a 1 = ’ oes ~0o)\5 out 
(H-E,)¥"(0) = 2": tee S logls,u_(0,-»)8) | ¥1(0) 
= (8, (H-E.)¥'(0))¥'(0) ? (A.58) 
and 7(0) is an eigenfunction of H which goes over into 4 as 
g-o0O. Therefore, ¥'(0) = ¥ . A similar calculation for U(C,+<): 


leads to (A.38). It must be stressed that U(0,-~)% and U(0,+~)é 
converge to the same state only ror the discrete spectrum. For the 
continuous spectrum, U(0,i°)¢ converge to the in- and out-solutions, 
Y~ , respectively, which are different eigenstates of the total 
‘Hamiltonian. 


Combining (A.38) for Y and (A.54) for the level shift, we 


have 
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The perturbation formulae for Y¥ and AE are now obtained 
ie Cariyine ouG tne Tine invesratvions in tie expressigns for whe 
limits in equations (A.36) and (A.40) (we will use the letter expres- 
sion for AE rather than (A.59) at this time). In order to do this 


explicitly, we obtain gH, (t) from 


ae 
uv., a oe 
Teo oo 


MTR 


x Te 
a a. (A.60) 


by substituting 


a, (%) a. exp(-ie, t) 


G 


for a, and then multiplying by exp(-a| t| ). The Sy) GTS the 
eigenvalues of the unperturbed Hamiltonian. Wick's theorem, wnich is 


discussed next, is then used in order to simplify the resulting 


expressions. 
3. Wick's Theorem 


As can be seen from (A.36), the equation for U(0,-~) will 


involve an extremely large number of terms with even less apparent 


J 


yleigh-Schroedinger perturbation theory result. 


OT 


order tnen the f 


a 


HOWeVGr, Witi the Help of @ theorem due to Wick, the expressions 
Or tho Urue eigenfunction and the interaction energy can be con- 


_idevitiy simplified. 


aie 





In order to agiébculs® tois,RMeorem, vweWWOst venracer sy 
Gress Our Operators 8 and. i down into hole operators, n_ “tna 
Dy . Ke 


5, and »v,. The creation operator. 


aS 
Fe K 


7, », and particle operators, 
+ * : J E 

are hy. and Py. The unperturoed ground state wave runction, ae 
4d - 

is then defined as the "vacuum" state with no holes and no particles, 


so that 
h, @ = 0 and D, 2, = 0. ieok 


Wer Widleatso meed two further Celinations. The Jivet 16 Tie jee! 
product, NLAB...]| , which is defined as a rearrangement of the 
operators AB... (with an appropriate sign change if an odd number of 
permutations are required) such that the creation operators are ito 


mene ety Of Ghe EGmiamitevion Opereacors. for example. 


N “5 * --h yp *p h =+h.p“*h p.. The order of 
Lh hy 1 Pry 2m Pn 2 Pm tk Pn : 
Cresvion Operavors Or Of arnifiiavion Operators amone themselves us 


not. important since they anticommute. From the definition of the 


normal product and from (A.61), 


N [AB... | 2, = 0 (A.62) 


TOr any Operators A,B,... which are composed of creation and anni- 


HiletiOn Operators. whe other new term 1s Che contrection: 


A-B- = T [AB] - N [AB (A.63) 
Were —~ 1s tne time-ordering operator previously imtrcuuced. Note 


we me coucraction is clearly a c-numoer, either vero or plus or 





Minus the anticomnutator 


Zero contractions are 


* * ae e 
h(t) +h, (t,) 
and 
Dats )*B \e)° 


These contractions 


in terms 


TLABC °°* Y] 


H- 


+ e e 


ak 


—L. 
5 


mr 


are also 


of these 


NL ABE <2 7] 


NL A°B°C° T° ° 


ra eo iS 


exp rie (t 


operators 


exp Lie (t,-t,)] 


A 


Co LARL 


rer 


Lor 


Ml=- , 
eS 


whale non- 


Called the unperturbed propazavors. 


definitions, Wick's theorem states: 
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+ hand side of (A.66) ar®: 


1) Form as many terms as required for all possible con- 


GCractLons. 


2) 


(they are c-numbers). 


Contractions may be factored outside normal products 


3) The sign of each term is determined by the number of 


Derivations tO Dring each contracted pair together from the original 


order. 


ine theorem is proved by induction. 


Ome ee 


TG rOOViOUSs: 


r Uletle are only two operators, since (A.63) and (A.66) 


iv is negative if an odd number of permutations is required. 
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Me. We Can also prove that if 10 15 true for a produce or 





Operators 10 mult we True forge Sroducihewt nt. Cyr... koe 
Woce the’ operator with the (east time coordintve i. <4. @iee. 
ip iz y re 
TLABC ---YZ] = TOABC ---Y]Z . (4.67) 
wee 2 ts at anuninalation Cperator, whe tneoremoolds for the Be 1 


Operators, since 24 Can be immediately included in the norm. 
products of (A.66) and its contraction with all the other operators 
as zero. Jf 24 18 4 Creation Operator, 10 can be Commuted tToreash 
to the left of all the products on the right of (A.66) and then put 
inside the normal product signs. The anticommutator of Z witn any 
operator is just the contraction, and the theorem again holds. If 
2 is a sum of a creation and an annihilation operator, the distribu- 
tive lew (which holds for time-ordered products, normal products and 
contractions) ensures that the theorem again holds. Thus the theorem 
is valid for any product of n+ 1 operators if it holds for n 
operators. Since it is true for n=2, it must be true for ail 
higher n. 

The simplification brought avout by Wicx's theorem is 
-aoperent if We Consider the eriect Of 4 time-ordercd procucy operat- 


ing on the ground state. Only tne sum of all possible contractions 


¢ 


the last line of (A.66)) can contribute; all other terms will 
Vunish identically because the annihilation operators on the right 
Wreccy .oMe. product will give zero wnen operating on the ground 


v' vorwee) state. 
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4, The Graphical Procedure 


Application of Wick's theorem to the problem of evaluating 
U leads to an expansion which is exactly equivalent to the following 
prescription in terms of graphs. 

The "graphs" represent specific interactions between < 
given number of "particles" (particle-like excitations of the system 
whose energy is greater than the Fermi energy) and "holes" (excita- 
tions of the system whose energy is less than the Fermi energy). All 
other momentum states are filled or empty depending on whether they 
lie inside or outside the Fermi sea. The only interactions which are 
considered are those explicitly indicated by a graph. The complete 
description of the full interaction of the "particles" of the system 
is then given by the sum of all the possible graphs which can be 
drawn, each graph describing one particular combination of inter- 
actions. Unless explicitly stated, we are describing a zero- 
temperature system. 

We use a vertical time scale. For every "particle" we draw 
an ascending line (in the positive sense of time) labelled with the 


particle's momentum and spin. For every "hole," we have a descending 
line. For each interaction we wish to describe we draw a horizontal 
line at a height corresponding to the appropriate time. This inter- 
action can be either the simple two-body interaction, v, or it may 
(if so specified) be some "effective" interaction (such as the scat- 


Perrin matrix, uv, whieh represents the sum ol ell possible two- 


yoady particle-particle interactions, iy}. 


=. 
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The prescription for ULOi==) 2. is then quite Simple. 
Draw all distinct graphs starting with no free lines at the bottom, 
.that is, with a . Note that there can be free (external) lines at 
the top. For each graph form the product of the v matrix elements, 
the exp(iet) and exp(ct) factors (the time "t" will be negative), 


and a factor ae 


WOeSre © vis the muber Of inverna ole lines 
and L the number of closed loops. Then attach the appropriate 
creation and annihilation operators at each vertex, with tne hole 
operators to the right of other terms from the same time and with 
terms arranged from right to left in order of increasing time. For 
example, Fig. 11 contributes 

i(ej+e,-e -e) )t, ow i(e +e “Ee .-€ Jt. a 


5+2 
(-1) aca e Vp e 


A * nnn ion ja *a. ee GA. 68) 


xX 
“in 313 A a! n’m k 


We have used the relations ay ay =n, (the number operator) and 

Ss (l= 1), “and the fact that nm. =n, . Now carry ous the 
i a n J 3 

time integrations. @ = U_ (0, -°) 2. is the sum of all the resulting 

terms acting on e. . It is important to note that the exclusion 
eeincinle is ignored in labelling the graphs. The next result 
Gevends on this. At this point, those graphs which violate the 
exClLuUs.on pranciple are exactly cancelled by the correspondineg 


excheante @fenis, and there 1s no Srror Or approximation in: our 


expression for U¢. 
Vapi a” oO 








Fig. ll. Typical graph contributing to the perturbation 
expansion of ¥. = U(O,-)o . See Eq. (A.68) of the text 


Or es ex ple ieecaner lou lon, 


Fig. le. Graph used to illustrate the time integration. 


See Eq. (A.69) et seq. 











De Proof ol Linked Cluster Expansion 


Let us now consider a graph having one or more unlinked 
parts, which are completely disconnected from the rest of tne graph 
and which have no external lines. In the expression for Ue 

Delore the Gime integrations are prerormed, the lines of a grapa are 
labelled independently (this is the place at which it is necessary not 
to have to take the exclusion principle into account) and the factors 
attached to the interaction lines are independent. We now consider 
With our oné praph with its unlinked parts all other grapns which 
differ only in having the group of unlinked parts in different posi- 
tions relative to the rest of the graph, witn the order of the inter- 
actions in the two parts separately kept fixed. The sum over all 
different relative positions of the two parts is obtained by carry- 
ing out the time integrations with the conditions Ort, >t oe and 


2 


O>t t ae instead of & single condition on the time inte- 


ao ar ee 


grations, with indices 1 through m referring to the unlinked 
parts and m+ 1 through n to the rest of the graph. Thus the 
result is @ product of the expressions obtained Trom the two parts 
separately. oe then consists of a factor coming from the sum of 
linked graphs only (graphs containing no unlinked parts) multiplied 
by a ractor coming from the sum of all possible combinations or 
unlinked parts. This latter factor is just (%, Uy8,) (the sun. of all 
ossible graphs having no external lines -- i.e., beginning and end- 
ing at 80), and is cancelled identically by the denominator in 


(2.30), “Thus ae as defined by (A.38) is given by taking the 
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Tite =O in the sum or Linked ereapns only. 


Let us now do the time integration for u simpie example, 
Lim 


Fig. 12. The contribution to 86 = 6 
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The convergence factor, at, causes the term in brackets to vanish 


at the limit -~ , and we have 
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acer 4) at ; thane feta) i 
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Lhe denominators above are just E - ie evaluated in the positions 
shown -- i.e., we have one of the possible terms in the expression 


im ib oF 


aq = 0 fi-H a2ic a EK -H_ +i ae (4.7L) 
Go 6 OO 





oy 


In general, we have 


Lim on ak 1% ats 
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(A.72) 


2 means that only linked graphs are to be summed. e 6 cannot occur 
L 
as an intermediate state in a linked graph as the part of the graph 


below that intermediate state would be an unlinked part. The inter- 


action energy, AE, is given by (A.40), and is obviously 


Se ee ale a 
= 2 —$—<——— seaes a 
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iL ' 
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Here 2% means summation over all connected graphs leading from 26 
a 


to $) (i.e., linked graphs with no external lines). This equation 
is referred to throughout this paper as the Brueckner-Goldstone 
linked-cluster expansion (BG expansion). In the absence of a degen- 
erate ground state or of an effective attractive interaction at the 
Fermi surface (which would lead to singularities in some of the above 
-denominators), the restriction to intermediate states other than o 
means that all the intermediate state energies will be greater than 
Boo and we can take the above limits by setting @=0 as no zero 


energy denominators can occur. Equations (A.72) and (A.73) can then 


be written 


WW we a n t 
io : ( E-H, H, ) e. (A. 72") 
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In Section 3 of this appendix, the rules are given for 
calculating the terms in the energy expansion, and the explicit 


series is indicated through third order. 
6. Inclusion of Effective Single-Particle Potential 


Goldstone,“ in His proort oi the linked=ciuster expansion, 
defined the unperturbed Hamiitonian as a sum of the kinetic energies 


and of an effective single-particle potential, V. 
H = (e.+V.) = T+V (Ant) 
O i a ale 
so that the interaction Hamiltonian is 


H = 2 vi. -ZYV,. . (A.75) 
<5 


H =Leaa (A.76) 


where E is now the sum of the kinetic energy and the "effective 
n 


potential," and 


Hp = g Uv oe ey ee) 


a a. 
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the proof proceeds excatly as before, except that one now obtains a 


series of graphs with the V interaction and in the denominators of 


CO 





a 
every term one has the energies ¢, = a + V, instead of the kinetic 
k em k 


energies, Kk /2m, alone. The matrix element Vis illustrated 
3 


.below: 


One then defines V,. in such a way that the graphs generated by the 


V-interaction cancel as many v-graphs as possible. For exampie, the 


Hartree-Fock approximation is obtained by choosing 


ee = e Yen; (rn) e er) 
Lhe sum is over all unperturbed states, ue . The states an are 
determined by 

(T+V) Y= Eth (A.79) 


(A.78) and (A.79) are the Hartree-Fock self-consistent equations. 


With Gnis! derinivion, vo first. order 


_i- oe A 
\B= 54 Yeas (2) nO : ee , (A.80) 
Now 
Km . 
E> 2 at Viesk) Bk = > €, 1, (A.81) 
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so that to first order we have, using (A.78) and (A.80): 


¢ = SVvVon. (4.82) 


We shall discuss later how this procedure is applied in the Brueckner 


theory. 
C. COMMENTS ON THE BG EXPANSION 


There have been several other derivations of the linkec- 
cluster perturbation formula for many-fermion systems. Goldstone 
has also derived it using time-independent perturbation theory. 
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Hugenholtz~~ uses an expansion of the resolvent 


Ba) Caen) (a.83) 


The resolvent is related to the development operator used by Gold- 


stone: 


O 
R(z) = “if U(t) exp(izt)at for Imz<0O 


(A.84) 


oO 


if U(t) exp(izt)dt for Imz>0, 
O 


lI 


and the methods used by the two authors are therefore closely 
related. As pointed out by Towless,-” the expansion of U(t) is 
easier to manipulate, since we generally have to deal with products 
of Functions rather than with the convolutions oe nero: whicn 
ucise in the expansion of R(z). The resolvent has more Girect 


physical interpretation, since the poles of its matrix elements give 





the eigenvalues of the Hamiltonian. 

Bloch? has used a combination of time-dependent and time- 
independent theory, involving the use of both R(z) and U(t). 
Hubbard 7° has used a time-dependent procedure which is almost iden- 
tical to Goldstone's, but indicates several intermediate steps that 
Goldstone leaves out. 

Kohn and Luttinger 7+ later examined the theory through 
fourth order with a finite temperature theory developed by Bloch and 


Hebeninicis.7— 


Lhe Kohn-Luttinger investigation revealed that taking 
Ae dimt N= © before taking the limt @-=- 0 <Jéeds to certain 
"anomalous'' terms in second and higher order for "non-spherical" 
systems. Using temperature-dependent Green's functions, Luttinger 
and Wara?3 have demonstrated that the anomalous terms are cancelled 
identically by the change in chemical potential from Mo LO? iW --bO 
all orders for spin = fermions under the conditions we have pre- 
scribed for our investigation, namely: a normal system interacting 
via an isotropic two-body interaction and characterized by a spher- 
ical Unpertvurved Perm Ssuriace.. in oOuner words, The BG expansion 

. (which, in their context, is an expansion in terms of Eo) is valid 
for such a system. Kohn and Luttinger, who had reached the same con- 
clusion for the first few orders of perturbation theory, have 
ascertained that the tensor force does not create an anomalous con- 
tribution in second order, and as pointed out by Bethe, Brandow and 


Petschek, 7 they probably do not produce anomalous contributions in 


any order, though the extension to higher order has not been proved. 
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Because we shall not be concerned with either finite-temperature 
theory or with systems for which the anomalous terms contribute, we 
refer the reader to the original papers for further details. 

The Brueckner-Goldstone procedure leads to the lowest state 
which can be reached adiabatically from the chosen configuration. 
Until now we have assumed this configuration to be spherical, and for 
the "normal" system the BG expansion leads to the ground state. Sup- 
pose, however, that there was some other configuration of the "“unper- 
turbed" Fermi surface (where He = EV. = 7 4 Vv, is the 
unperturbed Hamiltonian, V,. being the effective potential acting on 
the particle k). Then the BG expansion from the spherical Fermi 
surface would lead to some state other than the ground state. Our 
formalism can be trivially extended to a non-spherical starting con- 
figuration, however, if we know that configuration in advance. We 


merely utilize the definition of A and recognize that its 


k ? 
expectation value must be 


2 
kK 
= 1 =_— <s 
n= 1 state k occupied (e,, te En) 


(A.85) 


O state k unoccupied (é,, > en) 


If we do not know the shape of the unperturbed ground state, we should 
introduce a new equation which allows us to vary the shape of the 
unperturbed distribution until a minimum total system energy is 
obtained. This variation would not be too difficult to introduce 
formally, but in practice it would Be Wey Gitte to eyvaluete,. in 


any situation in which the shape of the Fermi surface is the sole 
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cause of the non-cancellation of the "anomalous diagrams" of Kohn 
and eee. this procedure is alli that is required to avoid 
.them. Further, it may well be that this procedure is the easiest 
way to rigorously extend to higher orders the proof that tensor 
forces do not produce anomalous contributions. However, either the 
direct computation of the anomalous terms or the above variational 
Calculation will be ditiiculc. 

As Klein?" has suggested just such a procedure as the above, 
with the surface being determined by the additional, self-consistent 


equation 


pag Vig.) = CS) - oS 





em oN’Q ~§=dp 
(en)? § 5 7 
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where wy is the chemical potential and the w in Ppl) represents 
its dependence on angle. 

One of the persistent myths about the Brueckner many-body 
theory is that there is something assumed or approximated when one 
uses the unperturbed Fermi distribution instead of the true momentum 
density. This is not the case for any system for which the power 
series in the interaction potential converges (which is another 
question again). As we have seen, the BG linked-cluster expansion 
is a rigorously correct perturbation theoretic expansion for the 


energy of the zero-temperature normal state which meets the symmetry 





requirements outlined earlier. The occurrence of the ny, is @ con- 
sequence of taking the expectation value (60, HY) instead of 

. (¥,HY). Either expectation value will yield the correct energy, but 
the potential and kinetic energy terms in the two will be quite dif- 
ferent. The expectation value between the states Y has been shown 
to lead (see Eg. (A.59)) to the following expression for the inter- 


action energy: 
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which, to second order in v, is: 
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The kinetic energy expectation value is 
a 
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The above forms differ from the BG expansion 
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in second order, and higher. Further, from (A.87) it is apparent 





that the difference in factors increases in the higher orders. Of 
course, the two expansions must give the same energy, and we need 


only expand the in terms of n, , using (2.22), to see that the 


Pie 
sum of (A.89) and (A.90) reduces to the BG expansion in terms of n,- 
However, any theory which obtains an expansion in which the kinetic 


energy is given by (A.90) must include an interaction energy term of 


the same structure as (A.89). The reason is obvious. The kinetic 


KP k 


energy 2e€e is larger than wze nh. because ¢ is a quadrat- 
k k & 
ically increasing function of k; since Up, =2 ny» the sum of 
k XK k 


E times weights the higher momenta more heavily than the sum 


k Pk 
with n,. Consequently, the expectation value (Y,HY) is character- 
ized by a higher "kinetic energy" than (@.,HY) . Since the two 
expectation values are equal, the former must also yield a correspond- 
ingly more negative potential energy. The difference in coefficients 
in the potential energy expansion leads to precisely this cancella- 
VON. 

We note as a matter of interest that (A.89) and (A.90) can 
be obtained directly from using the BG expansion for the wave function 
(A.72) in the expectation values of the kinetic and potential ener- 
gies. 

There are two other, related, problems in the BG theory 
which we shall discuss as they apply to infinite nuclear matter. 

One is the vanishing radius of convergence of the BG expansion as a 
power series expansion in the coupling constant, g, as the volume 


of the system becomes infinite. The other is the probable existence 
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of a superfluid ground state below the normal state. 

The analytic structure of many-body perturbation theory has 
_ been studied by many authors, most of wnom have concluded that it 
probably faverees oot However, Katz 9° has argued that the 
energy of every level of a large, but finite, many-body system can 
be obtained by analytic continuation of the BG expansion along pro- 
perly chosen paths in the complex g plane (where g is the strength 
of the interaction). He shows for a simple problem that the Brueck- 
ner ladder approximation (see Appendix B) is an approximation to the 
analytic continuation along a path which always leads to the normal 
state (the state in which no binding occurs). He argues that this is 
true in general, but this has not yet been rigorously proved. ‘The 
essence of his argument is that if one performs a partial summation 
Of Certain Giagrams in every Order of ¢, then mich of the diver- 
gence of the expansion can be taken care of and the resulting expan- 
sion is effectively in terms of some other parameter (such as the 
density) and consequently may have a larger radius of convergence. 


Considerable further study is indicated, but the preliminary results 


‘gare promising. 


A related argument that perturbation theory might be 
invalid is that nuclear matter may exhibit a phenomenon similar to 
superconductivity. Bethe, Brandow and Petschek? review the experi- 
Mental and theoretical grounds for this assertion, and point out that 
at most the energy gap associated with such a phenomenon is only 


1 MeV, and its effect on the average energy per nucleon is likely to 





be less than 


~ .008 MeV for pp = 1.5 eS (A.91) 





at 


where w is the Fermi energy, 47 MeV for Pp = es al (chosen 


i 
arbitrarily), and the factor 3/3 is the statistical probability of 
having a pair of nucleons in a state of even relative angular monen- 
tum. Thus we conclude that "superconductivity pairing,‘ while of 


interest for the detailed level structure of even-even nuclei, has a 


negligible influence on the average binding energy. 
D. THE ENERGY EXPANSION -- GRAPHICAL EVALUATION 


The following rules for employing the graphical method 
apply to the ground state energy of an extended fermion system for 
which the unperturbed wave function is a determinant of those plane 
waves whose wave number is less than Pp and for which the Hamil- 
tonian is given by (A.1). 


To calculate the nth order contribution of H_ to energy 


IT 
in accordance with the Brueckner-Goldstone linked-cluster expansion 

’ (A.73), we draw n horizontal broken lines (called vertices, and 
representing two-body interactions) at different levels. The two 
ends of each line are called points. We connect the en points with 
every possible combination of particle and hole lines subject to the 
conditions that at every point one line "comes in" and one "goes out' 


and that there occur only "linked graphs" -- those in which there is 


no sub-graph which is not connected to the rest of the graph. A 





paridele line 19 4 Jine G@irected upward anda.a hole Tine 1s directed 
downward; in our figures the direction of the line is indicated with 
an arrow wnen ambiguity is possible. Every line is then labelled in 
all possible ways (i.e., with all possible momenta). A line which 
closes on itself is a hole line (a consequence of Wick's theorem -- 
sée Bq. (A.64)). 

The contribution of a particular linked grapn is the 


Peocuey Of Tour Tacvors: 


ia) One of these factors is from each vertex, 


Ly 
2 Kg;mm 
where m and n are lines entering the vertex on the left and right 


respectively and k and £ are the lines leaving (on left and right 


v\ 4 
“ix 


we have the contribution a 2 
Se wy 


respectively). Thus for 


2. The second factor is the product of the "propagator" 
_for each of the n-1l intervals between successive vertices, each 
propagator being the reciprocal sum of the Kinetic energies of the 
hole lines intersected by any horizontal section between the vertices 
minus the kinetic energies of the particle lines. Thus, for tne 


oropagator at a section of a graph which looks like this: 








we have a factor (e+e -e 6), where c= p,/2m. 


Se ine Sieq factor ics (aes where L is the numper of 


closed fermion lines and H is the number of hole lines in the 


meapn. Thus, tor 





we have a factor (-1)°** = +1 (note that k is counted twice since 


it is "broken" by the interaction with the hole 4). 


4. The final factor is a product of expectation values of 
the number operator, n, , for every hole and (1-n_) for every 
particle, except that two or more particles or holes with identical 
momenta contribute only one term by virtue of the idempotency of the 
number operator (i.e., because n = n,.)- This latter rule is 
necessary if the results are to be extended to finite temperatures, 
when the a are replaced by the temperature-dependent Fermi func- 
Tions. 

In labelling the lines, the exclusion principle is ignored 
in intermediate states. The Brueckner-Goldstone expansion is obtained 
only if this is done. This has two effects: (1) all intermediate 
sums are unrestricted except that they mist be to states outside the 
Fermi sea; and, (2) diagrams such as the fourth order diagram (le) of 
Fig. 1 (which explicitly violates the exclusion principle) must be 
included. 


Through third order, the ground state energy is given by 
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the following terms (corresponding to the diagrams of Fig. 1, as 


indicated): 
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A "self-energy insert" as written above (in brackets) car- 


: 7 ; a : 
ries a factor one instead of 5 because we must also include terms 


Of Ghe form Vv. 2 etc., in the expansion. Since v._. is 
kj3 (kj)? , oe kj 3 (kj) 


equal to we can include it by using the above equation 


a 
jk3 (5k)? 
and the weight factor one. 





APPENDIX B 
THE BRUECKNER K-MATRIX APPROXIMATION 


A. DERIVATION 


In this Appendix the Brueckner K-matrix equations are 
derived and their application to nuclear matter discussed. Exten- 
sive references to early papers by Brueckner and his collaborators, 
as well as by several other authors who studied the theory in its 
early stages, can be found in the Brueckner-Gammel paper” (BG) in 
which are reported the first quantitative calculations of the 
properties of nuclear matter based only on the two-nucleon potential. 
The derivation given below is simpler than the original one because 
we have as our starting point the BG expansion. All that is neces- 
sary to obtain the K-matrix equations (in momentum space) is to 
perform selective summations of some of the terms in this expansion. 
A detailed discussion of the partial summation of the perturbation 
series with "reaction matrices" can be found in a paper by Toboc- 
man. 77 

The first problem is to sum the series of "ladder dia- 
grams" -- the two-body scattering diagrams, indicated through third 
order in Fig. 13. This series can be summed by using a reaction 
matrix, t , defined by 
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A very large class of diagrams can be summed by replacing every v 
which appears in the BG expansion by t , with the diagrams thus 
implicitly summed dropped from the explicit series. This procedure 
is particularly useful for hard core potentials (for which the 
matrix elements of v are infinite) because the matrix elements of 
t are finite. 


In terms of the t-matrix, the BG expansion (A.92) is: 
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Eq. (B.2) is obtained as follows from the diagrams of the first few 
orders in the BG expansion. The first term is the sum of tne simple 
ladder diagrams. The second term is derived from the lowest order 
self-energy insert, 3(b) of (A.92), by replacing each vertex v 
with tne sum, t , of ladder diagrams. The replacement of the terms 
in the bracket by t' instead of t is a consequence of the 
shifted energy denominator for those terms due to the excitation 
energy of the other particles (so that, e.g., diagram 4(d) of Fig. 1 
will be properly described). The energy shift, 6E , is discussed in 
further detail later. The order of the indices of the t-matrix 
elements above should be noted. Such order is required of the left- 
nand term in the products above so that the energy denominators are 
properly specified in the diagrams summed by the t-matrices. 

Another class of diagrams which can be summed is indicated 

in Fic. 14. We note that to every hole and particle line of every 


term in the BG expansion there can be attached, as a "self-energy 
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Fig. 13. ! Ladder diagrams “contribusin= powune w-1a51or, 


Fig. 14. (a) "Self-energy" diagrams which are summed when 
the propogator includes the "self-consistent" single particle 
energies. 


(>) Definition of the schematic notation of (a). 


Fig. 15. Typical diagrams which are summed when the 
propogator of Fig. 14 and Eq. (B.4) occurs between two v 


interactions. 
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insert, '' an infinite set of diagrams, with each insertion leading to 
another diagram in the overall BG expansion. Furthermore, as we see 
in Fig. 14, self-energy diagrams can be inserted any aumber of times 
on any given line. The reason for defining the insert on the hole 
line as indicated in Fig. 14, violating the exclusion principle, 
will be seen later. Such terms do occur in the BG expansion, of 
course: the exclusion principle is to be neglected when labelling 
the lines. All possible terms of the sort indicated in Fig. 14 can 


be obtained by redefining the "propogator" as 


i ie 
i (B.4) 
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Note that ,' is analagous to ¥, of (2.34) without the rear- 


rangement term. To see that this definition of the propogator 


reproduces the series indicated in Fig. 14, expand the denominator 


as 
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Thus, inserting the above propogator between two v  interacticns 
sums all terms such as those indicated in Fig. 15. ‘Tnere ls u 

‘ restriction which will be discussed shortly. Next, to continue the 
process, one dezrines a new reaction matrix, K , incorporating the 


modified propogators: 
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The BG expansion (A.92) or (B.2) then becomes 
dB = $2 + 0(K?) B.i0 
21 eas (Ke) Pez (K~) (B..0) 


The diagrams which this approximation sums are indicated through 
fourth order in Fig. 1 (along with two third order diagrams which 

it does not include, the hole-hole and three-body cluster diagrams). 

The restriction mentioned above is concerned with the 

denominator of the terms occuring in the definition of the “self- 
eoneieceng V,. in (B.9). The problem involved is the proper treat- 
ment of terms such as 4(d) of Fig. 1, and is best illustrated by 
an example. The contribution of 4(d) to the interaction energy, 


Je , is 
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just one of the terms from the definition of a excebt Sor TAC 
occurrence OF -E- (which is the excitation energy of the remainaer 
of the diagram at the point where the self-energy term is inserted). 
If we try to account for such terms by modifying the cefinition of 
the K-matrix to include the term -E' in the denominator, we find 
that elther we must compute the K-matrix for the full spectrum or 
possible excitation energies, or we must use some average -E in 
the denominator. ‘The latter choice truncates an otherwise infinite 
series of equations by treating only approximately the fourth and 
higher order diagrams such as 4(d) in Fig. 1. The use of -E in 
the denominator violates energy conservation in the definition of the 
K-matrix in order that energy be conserved in the particular ground 
state term being described, and the K-matrix is then described as 
being computed "off the energy shell." 


Another method for treating the energy denominators also 


exists. Eq. (B-11) can be written 
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wnere 6H = a 5 . Thus, we can properly treat this diagram if 
we define the K-matrix for particles outside the Fermi sea by 
(1-n,,)(4-n,) 
na 
i cee ee a tomer (B.13) 
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and their self-consistent potential energy by 


V_(2) =<ZK (2 a)n, (B.24) 
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where Zz (=v, +0 ,') is a2 parameter in the equations which ailows us 
to use as the particle energies in (B.8) quantities relatea to the 
energy of the holes coupled to the excitations (i.e., a quantity 
which represents the dependence of the particle's energy on tne 
energy of the associated holes for the purposes of the above treat- 
ment of these complicated denominators). Eqs. (B.13) and (B.14), 
used in (B.10), will generate, among other terms, Eq. (B.i2). 

This latter formulation is advantageous if we are going to 
use an average value for the excitation energy instead of attempting 
to solve exactly. The reason is that the second method of treating 
the particle energies treats a larger portion of the energy denomi- 
nators exactly; because of this, (B.13) and (B.14) are used as the 
definitions of the particle energies in the K-matrix calculations of 
Brueckner et. al. The average single particle excitation energy is 


usually taken to be 


6h =O Tt aA D 9 =w .. Gas 


With the hole self-energy insert, such as 4(e) and 4(f) 
OL ws. 2, the situation is not the same. For either diaeram 
alone, Cl should again be the interaction energy of the original 
wincs, Lut when we take the two diagrams indicated together, we have 


(loucsiag only at the propogators): 
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This is just the result we would obtain evaluating the insert “on 
the energy shell" (i.e., with 6E=0 ). ‘This proof that hole 
energies should be computed on the energy shell has been extended to 
all orders of perturbation theory by Bethe, Brandow and Petschex. 

Incidentally, the reason for including only the diagrams or 
Fig. 14 in the definition of the single particle energy should now be 
clear: their inclusion can be effected in a simple and natural way. 
One reason these terms are so easily included is because the only 
multiple scattering appearing in them is particle-particie scat- 
tering. 

The "rearrangement energy" diagrams of Fig. 2, which cor- 
respond to the derivative terms in (2.34), have not been summed by 
the provogators defined above. They can be included, however, if 


the single particle energy (B.9) includes a derivative term such as 


the "rearrangement term in (2.34): 
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As pointca out by Brueckner and Goldman, the last term can be 


evaluated (in principle) during the mwserical solution of the x- 
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matrix equations by making a definite shift in ta® Bemulstion or the 
Fermi gas near the desired momentum and so determining Kon. from 
the finite shift in the K-matrix. The additional computationar 
effort required would be considerable, however. The CGerivative term 
above corresponds to altering the definition of the "self-ener;;": 
inserts of Fig. 14 to include the second order Pauli-principle vio- 
lating inserts on the particle lines and the "non-violating" hole 
inserts. The latter insertions would have to be computed "off- 
energy-shell" and the former "on-energy-shell" (following arguments 


identical to those of the previous paragraphs). To see how the terms 


in Fig. 2 are picked up by using (B.17a), expand the derivative tern: 


(2-n,,)(1-n, 
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Tne first term on the right yields Fig. 2(a) (for oj s Da ) and 
Fig. 2(o) or |n| > p, ). This term would be obtained by a first 
order numerical evaluation of the derivative in (B.17a). The second 
verm in (B.17b) would be obtained by iterating this procedure, and 
leaas vo terms corresponding to Fig. 2(c). However, there exist 
ulree other diagrams related to Fig. 2(c) in the same manner that 

ee 


L(f) of Pig. 1 is related to 4(e). Brueckner, Gammel and Kubis 


nave snown that their total convribution to An is oniy hal? of the 





"on-energy-shell" third order insert involved in wig. 2(c), and the 
numerical calculation would have to ce modified accordingly. 

Brueckner, Gammel anda rr aa have also snown that tae 
rearrangement terms contribute only 1.5 Mev (repulsion) to the inter- 
action energy, 4E. Therefore, the additional complexity involved in 
computing them as indicated above is orobably not justified by the 
slight improvement to be gained for most purposes. The derivative 
term in (B.17a) was not included in any of the calculations discussed 
in ce dissertation. 

One final feature of the K-matrix formulation must be men- 
tioned. The single particle energies defined by (B.17a) are not 
identical to the true single particle energies defined by (2.34) 
because the former are calculated "off-energy-shell" in the two 
cases in which a singular denominator would be involved. This is tne 
proper procedure for the K-matrix calculations because all the energ- 
ies involved in the energy expansion are real (barring pairing lead- 
ing to superfluidity). ‘Therefore, the single particle energies 
appropriate to K-matrix calculations are not the true energies (which 
have imaginary terms if away from the Fermi surface because or finite 
lifetime effects), and the K-matrix energies will not, therefore, 
satisfy the Bethe-Hugenholtz-Van Hove Pore" that Bay - ~(Pp)- 
To cnecx this theorem, it 1s tnerefore necessary to compute the 
single particle energies separately, and "on-energy-shell." This 
distinction between the K-matrix and the actual single particle 
energies must be borne in mind in the discussions of the nuclear 
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The final set of equations for the Brueckner aporoximation 
is given in Chapter II, (2.11) et. sea. 

A more direct derivation of the K-matrix cosroximation is 
possible with the alternate linked-cluster expansion descrioced in 
Appendix A in which the unperturbed Hamiltonian is the sum or the 
kinetic energy operator plus an effective single particle potential, 
V, and the interaction Hamiltonian is a difference of v and V 
interactions (A.77). The energy denominators in the BG expansion 
are then (EB, - Hi) » Where E. is now the sum of the kinetic energy 
and the effective potential. The set of graphs one obtains must then 
include all possible, V interactions as well as v interactions, 
and V is chosen so that its graphs cancel as many v graphs as 


possible. Choosing V leads to the Hartree-Fock 
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approximation” as we have mentioned eariier. Choosing V_ to be the 


"self-consistent energy (2.13) or (2.17) as appropriete leads to 


Brueckner's K-matrix approximation. 
B. BRUECKNER-GAMMEL APPROXIMATION 
1. Reduction of the K-Matrix Equation 


As pointed out in Chapter lil, the nucleon-nucleon poten- 
tial wnich is best justified on theoretical grounds is 4 Yuxewa 
potential (with spin orbit and tensor components) with a repulsive 
core whose potential is very large (effectively infiniic). ‘his 
singular potential renders usual perturbation theory worthless (be- 


cuuse the matrix elements of the potential are singular) aud compli- 
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cates the problem in terms of whe reaction Matrix. in ordulr tec 
treat the core, it is best to transform the problem from momertum 


space to configuration svace. As we shall see, one consequence of 


u 


the added complications is that we will be unable to obtain the off- 
diagonal elements of the K-matrix. liowever, because the energy is 
gerined in terms or the diagonai elements, this will not be too 
serious a defect. Ilts principal effect is to prevent exact calcu- 
lations of higher order corrections. 

The details of the reduction of the K-matrix equation sare 
lucidly discussed by Brueckner and Camme1? (BG). We shall therefore 


present only the essential details. 
2. Transformation to Coordinate Space 


The reduction to coordinate space is done with plane wave 
basis states. Total momentum is conserved, so that in (2.19), for 


instance, 
0 +D, = + = Pp B.12 
B+ =P, +P , (B.13) 
wnere Boy is the total momentum. The relative momentum is defined as 


(B.19) 
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Since the vis conserve total momentum, the K's do also, and the 
total momenta appear as parameters in the equations. for example, 


liq. (2.12) becomes 
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and the exclusion principle is enforced by the step function 


fe eee if P.>p, and P_>p, 


Oo Otherwise. (B.25) 
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For the calculation of particle energies, 2 is merely a parameter, 


and is needed only for the range aan =0 tO aw 
“= 
We now introduce a wave matrix {2 through the defining 


a =Pr 


equation 
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K=V2 . (B. 
fn matrix notation 
ee Q 
Kevrv— ; (B.27) 
B-H 
and therefore 
ae ee . Q g 
od = lt —— Vo : (B.28) 
E-H 
From (5.25) one obtains with a Little manipulation the equation for 
cne truc wave function tp bP) in terms of the plane-wave basis 
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However, v is a local potential and Q/(E-H) is diagonal in momen- 


tum space, so that (B.29) reduces to 
; ‘| = ; I 1 i Nae ' 2 
Vp yb*) p(x) + far Gp (Por )v(r Nay (F me (B.30) 


where the Green's function is defined by 


O u(r )p, n(x! )ECP,K") 
Ce ee (B.31) 
; ca oP (2)-cE 


Thus, (B.26) gives 
(31 ile) = Jexfart 2 Cclet)(2" lvl e")(e Te" 06", 2) (eal) 
= jar ,.4(2) v(x) 2) ; (B.32) 
3. Partial Wave Expansion 


The next step in the reduction of the K-matrix equations 
is tne partial wave expansion. The employment of this technique is 
an approximation since the partial wave expansion is rigorously cor- 
rect only when the energy denominators in e.g. (B.31) and the Pauli 
orinciple (B.25) do not depend on the angle between P and k" 

Milis is the case for two-body scattering, where £f(P,k") =1 and 


- 2) = P,* /am , but it is not true in the many-body case for 


ac 





ie 
r. 
ce 


e f O . One then has two choices; (1) assume P=0 and proceed 
rigorously from there, with that as the only additional approximation 
or, (2) treat the angular dependence of the total momentum in some 
average fashion. The denerdence of the results on the total momen- 

pay 
tum has been found to be wmally and either approximation will intro- 


duce errors which are exvected to be smaller than otner uncertainties 


Or) 


i) 


of the method (e.g., the higher order diagrams in the BG exnen 
which are neglected). The second procedure is expected to be whe 

better approximation, and it is used in the BG and EM calculations. 
To decouple the dependence of the Green's function on P and k” , 


we use the angular average of the quantities affected. Thus (B.25) 


becomes 


e(P,x") = 0 "ge? sp? 
—_ 7] KN sP = Pp 
Mp1 pein © 
= e ~F otnerwise (oacs) 
ee 


and, for use in calculating P for the excitation energies in 
(2-3) 


mee ip* eee (1//3)£°(P, k" ) Pic" : (3.58) 


ak. 
“ne latter substitution removes the angular dependence between P 


and ik" so that the summation over k" reduces to an integral over 
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Tne partial wave expansion then proceeds exactly as in the 


ee 


wsuzl two-body scattering problem, and nas been treated in consider- 


Bole J0vail by Brueckner and Gammel.? Th 


Co 


plane wave basis func- 





rm 
Tome. O,(x) = exp(ik-r) x ‘ (xs are the spin functions), are 


\ 
we 


expanded in partial waves, j,(kr) . In the presence of the tensor 


. force, the orbital angular momentum « is not a constant of the 
motion, but J, the total angular momentum, is. ‘The expansion is 
recast (via Clebsch-Gordon coefficients) in terms of the total angu- 
lar momentum, J , and the spin, s , and involves Je) for 


£=dJand £=dJ +1 and the corresoonding eigenfunction of J , 


JMS 
By : 


vo also involves the coupled states noted above. The two solutions 


A similar expansion for the coordinate space wave function 


which are generated from the orthogonal unperturbed solutions are 


defined so that under the action of the tensor force 


JM-+S Js JMS JS Jm+S 
ee, J J 
Vaan Gall Uy eee eed oo ae , 


and (B25) 
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The angular momentum expansion of the Green's function is 


Nin 


G(rjx') = 2 (2eel) (rj!) ¥p(#,8") [bn /(2er1) Fe , 
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and have done the integration over angies of kK" . Substituting the 
appropriate partial wave expansions and the Green's function expan- 
sion into (B.30) for Vp (t) » and then integrating over angles of 

2 
r and doing those summations which can be done imnediately leads to 


the following equation for the wo oon 


ce 3 = de 2 a Js 
Uap: (P,k,r) = Jj, (kr )6 4, + he g (er ar (Sal DV ge io 
v7) NA a gt x 


J 
Uy oa “(P,k,r'). (B. 37) 


are defined in Chapter III, (3.17). For s =0, only 
£=L' =f" = J is possible, and (B.37) has a very simple appearance. 
For s =1, the only allowed values of the orbital quantum numbers 
are J or Jx+l13 the latter possibility leads to pairs of 


coupled equations for the U(r) for 2<3. 
4. Treatment of the Hard Core 


Because the procedure for handling the core, where V(r') 
is infinitely repulsive, is similar for all £ , we suppressed the 


indices to obtain 


co 
2 


U(r) = U(r) + bn * G(xyr')v(r')U(r')r'“ar' . (B.38) 


We separate the integral into two parts, O to r, (the radius of 
the hard core potential) and CO to infinity. The latter integra- 
tion causes no trouble. The first integral presents a problem be- 
cause gay, =O and therefore V(r')U(r') is indeterminate 


within the core. In analogy with the treatment for the usuel 





< 
ae 


scattering problem, we make the replacement 


Vie Ue) = 2 ose) ay (3.39) 


where h is chosen to make U(r') vanish at the corc. This substi- 
tution is exact for two-body scattering, but leads to a Mali error 
for the many-body problem (because it cannot be shown that the equa- 
tion for U(r) which we are about to derive vanishes inside the 

100 2 
core). Bethe and Goldstone and Brueckner and Gammel~ have shown 
this error to be negligible for hole energies (less than Q1% of the 
K-matrix). The error in particle energies is discussed further in 


Chapter IV. Putting (B.39) into (B.38), we find 


Ur) = U(r) + bnr “G(r,r,)h + dn f G(r r')v(e')u(r')e'Par' .  (B.40) 
ae 
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The condition U(r.) = 0 then fixes }. We set rear, in (B.40) 


and soive for } . Substituting this solution back into (5.40) 


yields 
U(r) = s(r) + bn f F(r,c')v(e')U(e')e “art, (B.A) 
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Us {e) = U(r )G(e, 2) /Glr 2) » and 
F(r,v') = G(r,r') - G(r,r )G(rr')/G(rr,) - (3.42) 
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5. Determination of the n-Mutrix blemente 


We fina the diagonal elements of tne K-natrix uy substitut- 
ing our partial wave expansions into (B.32). We can perform the sum- 
mation over projections of the spins explicitly, and after some 


algepra OL Cléebech-Gordon | coeriicisnous and a2 treatment Gi toe core 


Similar to the treatment for the wave functions, we obtain 


J+. -3,-(er,) on 4 J+1 
Cale ee Cras) - 2 a) & drss, Ar) 2 
Lad ee 

Sgcged Gp ATF) a " satsJ-1 


JS Js ca 
Vig Uy gt (P,«, 2) . (B.46) 


The first term on the right is the (repulsive) core contribution (CG 


is negative at the core). Note that the sum over m_ has been per- 


ww 


formed and yields the same factor (one) for both singlet and Dro Ole. 


states. The coefficient Te le the Stecvicblcal Welcor oO: “tine 


tace and S “1S the spin. In intimite muclear mecver We essume Chat 


Ww 


whe raeeer of neutrons and protons are equal and wnat the Fermi 
GHomerve Tox neutrons and orotons are equal. Further, we asswte the 

Miecleur »notenvial to be charge-independent; K is theréiore inde- 
2Micns of Tf hue ZeCOnpOrent Ol LsutOsl Se Soin. “ius, ior 


Mec, tue ecnerzy of a proton with & @iven 2omertuln must oe ecual 


— 





to the energy of @ neutron with the same Momentul. rinaliy, wns ony 
dependence of the K"s On mm. was through certain Clebsen-Cordon 


S 
coefficients, so the sum of m_ from -1 to 1 (for the triplet 
state) could be done. The product of spin, isotopic spin and space 
exchange is -1 (Pauli principle), so the exchange term contributes 
a factor 0 or 2 for like particles depending on the state. ‘To 


&SS1iSt us in assigning the proper statistical weights, we classiry 


the possible states of two nucleons as indicated in Yable IX. 


pe any ren eee ena teepene™ apa teen ee Sinner Saran/nanenntene =r 
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| Orbital Isotopic POséible Parvicie 

ool mea ue | Spin Peis Weight 
| Singlet Even Triplet N-P, N-N, P-P 2(27¢41) | 
| 7 | 
| Triplet Even Sinslet N-P = (23 + 2) | 
sence Odd Singlet N-P = (27 + 1) 
| = 

iri plLet Odd Triplet N-P, N-N, P-P S (2J + 1) 





Table IX. Possible states of 2 nucleons and their contributions 
to the statistical weights. 

Contri outing to the statistical weights noted above, there is a factor 
two for two particles per momentum state and the usual (2J + 1) 


-actor. To assign the proper weight, we need only look at the contri- 


butions ror &@ given particle, say @ proton: 
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DO 
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K(pioton) = E(2g+1) 4 = x2x 2K 
J proton 


Singlet 
even 





wu | 
he = a fo : Le | wy 
( triplet? 4 ( singlet” ( sinziet’ } 
- proton ig : neu- 
odd even Oa. tron 
ae : co. 
+=- xX 2 (K, . + (K_. oe Dar ( 
Lk S cone ( er J ( d 
neutron 
even odd 


The factors are: = (for the number of spin states), 2 (numoer of 
particles per momentum state), and 2 (exchange, for proton only). 
The sum over m, was performed in (B.46) and yielded one for singlet 
and triplet states. Therefore, the "average" value of the sum over 
the triplet states was 1/3, which multiplied by the triplet state 


Prove U LL ty . 3/4, just gives the factor = which is indicated 


above. The Cros are thus 
a singlet-even or 
Cryg = BAI +1) irimiet-odd 
(B.48) 
i Singlet-odd or 
i. 5 (2d * 2) triplet-even 
The C,, in Ba. (2.7) of BM differ from the above by a factor of 


3/2: this factor has been included in the numerical factors in 


Eq. (2.8) of that paper. 
6. Single Particle Energies 


Equations (B.22) and (B.23) for the single particle 


emergies now become 


= 5 -+ V(p) (B.49) 
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The factor 5 is simply a consequence of the fact that V(p) is the 
potential between pairs of particles, and the integral sums over 


pairs twice. 


{- Computational Procedure 


3 


The Brueckner-Gammel~ computation solved these equations ty 


wuerteloly £Or ,) Po and: ~P (staves 2s Toliows; 


A 4 = + , I “5 
1) A table of W kp a Da) and w (2) > De) was 
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formec, with the initial guess of w and w (2) just the kinetic 


ae 


ee eC . : 
energies p /2M and p' /2M. Five p values were selected 


a 


(0.1(0.2)0.9 Pe) antl a three by five matrix of p' and 2X values 


.o' = 1.1(0.5)2.1 », and 2 varying between w and 2Qw »). 
EF = Dp 
PP 
mer 40? 2 226 Day W (x) was always approximated by the kinetic 
bp 


2 . : : ; 
cnergy alone, p' /2M, an approximation which was checked and found 
to introduce negligiole error since, in this approximation, 


V(p') By ce ae 
2 =2+OD5 








2) The Green's functions (B.36) and (B.45) were comouted 
by numerical integration to a very large value and an approximate 
.analytical correction was used ror the remainder or the integral. 

The Green's functions were required for every entry in the energy 
table, for every value of r and r' used in the numerical solu- 
tions, and for every magnitude and angle of q in (B.50) with 
respect to p (five each). 

3) The wave functions (B.43) were computed by replacing 
the integral equations by sets of simultaneous linear equations and 
solving them by matrix inversion. 

4) The K-matrix equation (B.46) was then integrated 
qaumerically. 

5) Finally, the single particle energies (3.49) and the 
wean energy (B.50) were computed, and the energy table was updated 
for the next major iteration. 

ine next iteration began with step 2 above, and continued 
until the new energies agreed sufficiently well with the old ones. 
Pive icerations, Starting with the Kinetic Gnercies as a Tirst guess, 
sufficea to make the new energy table agree with the old one to one 

Cc 
part in 10°. It mst be emphasized that the most difficult part of 
the computation, and the most time consuming, was the computation of 
we fany Creen's functions. 

We have discussed the above ecaee one GeteL Ss bG eimpha- 
~iZe tue magnitude of the computational problem for the very accurate 


Solution of Brueckner*s equations. The results of the com®ucetion 





are discussed in Chapter IV. 
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In the text it is shown that SE(o,W)., can be defined 
such that 


AE(p,W)gq = 4B(n,<), (C4) 
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where AE(n,€)., is the Brueckner-Goldstone linked-cluster e2:5ansion 
for the interaction energy of a system of interacting Fermions in 


their ground state. AE(o,w) has the same functional foria ac 


BG 


Ea.) with the true densities (given by (2.23) instead of the 


BG 
Ferm step functions, n, and the enera@y variables w in place or 
the rree Kinetic energies, e¢ . In this Appendix we prove that 
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where Ac, is given by (2.31) and the correction by the 1 
is 


(2.75). Further, we shall prove that 
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me Beal uctuelly show that the errors are O(t ) and O(t 
sespectively, where +t is the t-matrix defined by (B.1). 


Now let us look at the correction term in (2.75). We will 


Mplo, . Yaylor series expansion about A = 0. To expand 
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Thus, the £# = 1 term in the atove correction term is: 
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To evaluate (C.9), we need the following expressions 


c 


he = === Antn,e) = Et 
a 


k on | 


kt3(k2) oe oe (C.1G, 


) (c.12) 





20m | Clic 
= Cage ee + + ey (6 
a Tey mn mMmM31d ( 2 Wash, 


Go) en ate 
mq na KG 20 
o.-o 2c 


are 2 3s n/ 


(which is obtained from (C.10) by expanding the t-matrices and doing 
the differentiation), and 
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In order to demonstrate (C.5), we note that tie equation Se: 
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Os 


ln. e ae feos = 3 2 
AE(o,¢) no self-energy BM cpg) Py. Py + 
terms KZ ; 


NK 


+ hnole-hole tern and 7 i, 
3-body cluster of O(t7)+0(t') . (C.1%) 


J 


ee (2.23)), the third order terms 


+ 


Since the zero order 9, is a b 


~_ 


~ 


included in (C.13) are the same as the corresponding terns in 


s . 5 “> i : = ae . 
AB(N,€) a0 ihe third order self-energy term must therefore be snown 


to come from the first term on the right in (C.13) if the equation is 
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A Ccarcunveweay of terms and a change of summation indices was 
wzquire. vs obtain the last term. We have again used the fact that 


; i= eel tO n in lowest orager. The last term 250ve is just 
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proving (C.3). There is a airference in fourtn order which wou. 

(lead to an error in the mean energy or nuclear matter ectimatea vo" e 


of tne order of 2 MeV. 
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The density, op, is given by (D.2) and is just u(ha/3 pn . There- 


fore, wre integral to be evaiuated is 
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We do the p' integration, keeping only the principal part; 
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This integral is easily evaluated by contour integration. Closing 


above, we obtain for the principal value 
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Tne ro..ining integrals in (D.8) are the same as those in (D.7). 
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Were J(s,P) is given by (E.19). The last two integrals were 





perrormed numerically on tne CDC-1604 computer at the University sf 


California, San Diego: 
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The result was -59 MeV for pi = 1.40 i - The value of the 


second Born epproximation (the negative of the integral over J(xz,P) 
alone) was -8 MeV. However, it must be expected that the inclusion 
of higher order corrections (in particular, of the self-consistent 
denominators) will considerably reduce the above difference, and 


therefore this value is not quantitatively meaningful so far as tne 
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cate that the second order differences do not vanish or cancel iden- 
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APPENDIX F 
BASIS FUNCTIONS AND RADIAL WAVE FUNCTIONS 
Fig. 19. Basis functions s (kr), Eq. (4.8): 
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Nuclear Matter Calculations and Phenomenological Potentials 
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ABSTRACT 


The properties of nuclear matter predicted for several 
different phenomenological potentials by the reaction matrix 
theory of Brueckner have been calculated. The calculations 
have shown that potentials which give supposedly equally 
good fit to scattering data do not necessarily lead to iden- 
tical nuclear properties. Other approximation methods have 
been studied to determine their accuracy, with particular 
emphasis on the iterated Born approximation, and on comparison 
with the Moszkowski-Scott separation method and with the ap- 


proximations of Mohling and of Puff. 


I, INTRODUCTION 


In a series of previous papers,* methods have been developed for the 
determination of the properties of nuclear matter. This theory has been 
applied by Brueckner and eames (hereafter referred to as BG) to extended 
nuclear matter using both Gammel-Christian-Thaler potentials” and one of 


3,4 The latter were modified slightly 


the sets of Gammel-Thaler potentials. 
to give correctly the low energy scattering parameters and deuteron prop- 
erties. Aecnrate numerical solutions of the equations of the theory gave 
a mean binding energy of -15.2 Mev and equilibrium spacing of 1.02 fermi 


for the modified Gammel-Thaler potentials, in good agreement with semi- 


empirical values for the binding energy ranging from -15.83 Mev reported 





by Creare to -17.04 Mev obtained by caneren,” and with the equilibrium 
spacing, Yr = (1.07 = 0.02) deduced from high-energy electron-nucleus 
scattering. 

A detailed discussion of the K-matrix theory and the method of 
applying it to extended nuclear matter is contained in BG. Consequently, 
we shall indicate here only the basic equations, and in the next section 
introduce our additional approximations. 

In BG, the K-matrix from which the energy is computed is defined 


by the equation 


sae = V.. + ¥ 1 K 
ea ee e 
ij,kg 1j.ke ia ij,mn sas * mn,kg , (1-1) 
k “£m n 


In this equation E, and E) are self-consistent energies for particles 
moving in the Fermi gas and ET and EA are energies appropriate to 


virtual excitations above the Fermi surface. The single particle potential 


is determined from the diagonal elements of the K-matrix by the relation 


with the sum over all filled states. Finally, the average binding energy 


per particle is 


Pr 2 
- Oo [ p 2 La ) | 
ae - 3 J eee L om =e (1-3) 








by ge to -17.04 Mev obtained by eanseene” and with the equilibrium 
spacing, Yr, = (1.07 £0.02) deduced from high-energy electron-nucleus 
scattering. 

A detailed discussion of the K-matrix theory and the method of 
applying it to extended nuclear matter is contained in BG. Consequently, 
we shall indicate here only the basic equations, and in the next section 
introduce our additional approximations. 

In BG, the K-matrix from which the energy is computed is defined 


by the equation 


idske” ‘ig,ke" = "ig jmn = eee “nn, ke Ga) 
m,n BE, +E -E° -E 
k “£m n 
Pm > Pp 
Pn > Py 


tatiis equation Ey and BE) are self-consistent energies for particles 
moving in the Fermi gas and E and E are energies appropriate to 
virtual excitations above the Fermi surface. The single particle potential 
is determined from the diagonal elements of the K-matrix by the relation 


v(p,) = 5 (K (1-2) 
J 


eet nee 
LJ, iJ,Ji 


with the sum over all filled states. Finally, the average binding energy 


per particle is 





i ne 
5 eC p 1 
Eay =~ f Pee LB tv) | (1-3) 





The normal density is assumed to be determined from the minimum of Boy 
as a function of density. 

In the present paper we use an approximation of the Brueckner 
formalism which is simpler than that used in BG 

1) to investigate the properties of nuclear matter predicted by 
the theory for various phenomenological potentials (six Gammel-Thaler 
POLoeis and the Breit SOE eae 

2) to check the rapidity of convergence of successive Born approxi- 
mations; 

3) to obtain a comparison with the results of the separation method 


of Moszkowski and Scots and, 


4) to check the accuracy of the approximation described by pea. 
as the central element in the nuclear matter theories of Mohl ing’ and of 


Puff and Veen 


II. SOLUTION OF THE K-MATRIX EQUATIONS 


In the investigations reported in this paper, we used the proce- 
dure of BG with one further approximation: we have assumed that the dif- 
ference of energies in the denominator of Kq. (1-1) is independent of the 


total momentum. Thus, we make the replacement 


ee oe EB - E = 2 | E(p,,) - E (p_) | (2-1) 


with Pry and Pon the relative momenta. This approximation is accurate 


ie E. has a quadratic dependence on Py, or if the relative momentim is 





large compared with the total momentum. Consistent with the accuracy of 
this approximation, we replace the total momentum, which enters in the 


treatment of the exclusion principle, by its average value compatible 


with a given value of relative momentum, k . This is easily shown to be 
2 
2 Gsi+e SS) 
=) =) Pr k<k (2-3) 
ek 5 et ; F 
av iF ( i kK 
= = ) 
Pp 


Hors 7k 2 Py » we hve set oe =O. These simplifications reduce consid- 
erably the problem of solving the BG equations and are not thought to 
introduce appreciable errors into the results, particularly since we are 
primarily interested in comparisons among various potentials and approxi- 
mation methods. 

We quote here the principal equations to be solved, as adapted 
from BG: 

1) Green's functions: 

ne 


;? "1 Ui s le" - ae t fe Pp an 
G(s.) make, | BSR ard tery ee") 


OTT 0 = Ava (2-3) 
o| B(x) -— (k") | 
% 
for on-energy-shell propagation and with (2[E(k) - E (k")] - A)in the 
denominator for off-energy-shell propagation. A is the mean excitation 


energy, assumed to be E(p,) - (0) . The Pauli step-function, f(P,k") ; 
is that given in BG Eq. (34) with the total momentum, P , replaced by 


P of Eq. (2-2); it excludes from the integrand values of k” not 
av 





allowed by the exclusion principle. 


2) Plane wave basis functions and Green's functions as modified 


by the hard core potential of radius ies 


J )(kr,) G(r,r,) 


s(kr) = j,(kr) - 4S Ae (2-H) 
Ce 


t 
fee, r!) = G6 (rz) eee! Lae | 
4 £ G, Dee (235) 
As shown in BG, the above definitions result from requiring the wave 
functions (next equation) to vanish at the core. 


3) Wave functions: 


Js JS Sees 4 _f) 
Ue (ar) = s (kr), 01+ in 3 f=" aise, oor Chae 2" (= JU a ‘Es ) (2 6) 


where the V oat) are the phenomenological two-body potentials; 


pe 


4) K-matrices: 


CO 


j (kr, ) : J+1 +. Se 
<4 k V U 
(ic Iie) = Big Sd sp a FoF, ae J ce Se) pene (7) Upys (x) } 
ae 
(2-7) 
where C is the appropriate statistical weight(s being the spin); and, 


oy 
5) Single particle potential: 





Pp-P re EME 
6 joe roar ' ' 3 x. roan ' ' rr aes 
Vie) = 2. | ei sdk* (k |K|k \+ 2, | dis |K|k es eleae 
= (2-8) 


Lor De Pp: For p2p., the first integral vanishes. 


F 
The above functions are graphed for various values of their para- 


meters in Figures 1 through 4 respectively. 


ITI. COMPUTATIONAL PROCEDURE 


The computations were performed on the CDC-1604 solid-state digital 
computer. The compiler used was weLtac, t and initial compilation and de- 
bugging was done on a Burroughs 220 at the U. S. Navy Electronics Labora- 
tory, San Diego, California. Subsequently the problem was transferred to 
the computer at the University of California at San Diego, on which final 
debugging and production runs were made. 

The computational procedure was straightforward. The Green's func- 


tions (Eq. (2-3) and (2-5)) were first computed. The first approximation 


for the energies appearing in the denominators was 


Ke 
Bae ee kK < Pp : 
re 
a k 2p 
oM  ” oe 
2 
ava " 
cr = : gil k” . 3a) 





The integration was done numerically to an intermediate value of k, Ket ’ 


and the integral from kK, to infinity was replaced by an analytical 


nt 


approximation to the following integral: 


CO 


M ic é tt : tot " 
- fi, Cetr) a, (e"r') ax” (3-2) 
a ie 

int 


x x 
Here we have assumed that E(k) << E (k" =k, and (kik 


.) ) = 


"= /oM . On subsequent iterations, for k S$ 2. 6p, » values of E(k) and 


Int 


x 
E(k") from the previous iteration were used in place of Eq. (4-1) (with 


E(k > De) 7 E(p,,)) ~ for 1 So2.6 PB, we use (as in BG) 


“ne 


E(k" > 2.6p,,) > a ieee 


Each cycle leading to a new table of E(k) and EB (k") is called a major 
iteration. 

The wave functions were then computed by iteration of Eq. (2-6). 
On the first iteration, the s (kr) (Eq. (2-4)) were used as the first 
guess. On subsequent major iterations, the wave function from the previous 
iteration was used as the first guess. Each wave function iteration took 
about one second (for S, P and D waves). 

The K-matrix elements (Eq. (2-7)) were computed by numerical integra- 
tion from r = es to r = a where Trax was chosen such that contri- 


butions to the integral from higher terms were negligible (the exponential 


behavior of the Voge (2) made this possible). 





The potential energies (Eq. (2-8)) were then computed by numerical 


integration and the new energy table was formed, with 
Ke 
E(k) = 55 +V(p=k) . (3-4) 


The binding energy was then computed from Eq. (1-3), completing the major 
iteration. Four minutes were required for a major iteration if the wave 
functions were iterated five times. 

In the computations, all of the meshes used for the numerical inte- 
grations could be varied. In addition, in several cases both Weddle's rule 
and Simpson's rule could be employed for the first seven points. Simpson's 
rule was found to be adequate in all cases, and was employed in the calcu- 
lations reported. 

The following meshes (in fermis or inverse-fermis) yielded agreement 
of calculated binding energy to within O.1 Mev of the most accurate results 
obtainable with our code: 


1) Green's functions (Eq. (2-3)) and wave functions (Eq. (2-6)): 


0.10205) 0. 710.1) 1,500.2) Sages ee Coe 


Po 


oe 


0(0.05) 10 (f™~) for G,(r_57,) 


0(0.2) 10 (f"") otherwise . (3-5) 


The additional precision for G(risr.) was desired because of its 
importance in the modified Green's functions (Eq. 2-5)) and in the core 


term in the K-matrix equation (Eq. (2-7)). 
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2) K-matrix elements (Eq. (2-7)): 
rez = Os 0.05 ) Ong Gell) im o@2 ees Oe) oO. 20) (3-6) 
with 
U (kr > 43k) = 8.50 (kr) (3-7) 
2g" LL'< 2 
for the following values of k: 


k 


Get (O.2) QO.9 Pp on- and off-energy shell (223) 


L.0(0.4). 1.6 Pp off-energy shell 


3) Potential Energies (Eq. (2-8)) and self-consistent total energies: 


Ky = 000205). Ico Pp» 


p=0(0.2) 2.6p, . (3-9) 


4) Mean binding energy (Eq. 1-3)): 
p = 0(0.05) 1.0p, . (3-10) 


The K-matrix and energy tables were interpolated quadratically as necessary. 

The normal computation procedure was to compute Green's functions, 
wave functions and K-matrix elements for each value of k , and to do the 
energy computations after all the K-matrix elements had been computed. 

In order to investigate the rate of convergence of successive Born 
approximations and to evaluate the rate of convergence of the wave-function 
iteration procedure, the code was designed so that K-matrices could be cal- 
culated after each wave function iteration, and from these the binding 


energy was computed. Two procedures for integrating the wave functions 





al 


were employed. In order to obtain the successive Born approximations, two 
tables of wave functions were used. The "old" table was used on the right 
side of Eq. (2-6) to generate a "new" table (the left side of Eq. (2-6)). 
In order to increase the rate of convergence, the two wave-function tables 
were replaced for the remainder of the calculations by a single table, and 
the integration was performed with the same table used for both sides of 


Eq. (2-6). In addition, instead of starting each major iteration with 


Js 7 
Ug (r) = 5 gt 8 (kr) (3-11) 


as the initial value for the right side of Eq. (2-6), as was done for the 
Born approximations, we saved the wave functions from the previous major 
iteration as the "first guess" in the subsequent major iteration. 

The above procedure was used for angular momentum states with 
f= 0, 1, and 2. The contribution from higher states has been previously 


shown to be feelieinies: 


IV. RESULTS 


A. Application to the Gammel-Thaler and Breit Potentials 

As a check on the method, we first determined the energy and equi- 
librium density of nuclear matter using the Brueckner-Gammel-Thaler (BGT) 
potential previously used by BG. The result was a binding energy of -16.9 
Mev at ry = 1.00 fermis, compared to the BG values of -15.2 Mev at 
r = 1.02 fermis. This difference gives a measure Of the error introduced 


O 


by the approximations of this paper. In figures 1 through 4 we present 





V 


Le 


some of the intermediate quantities computed (Green's functions, modified 
basis functions, wave functions, K-matrices, and self-consistent single- 
particle potential) for the BGT potential with r, = 1.00 fermi 
(p, = 1.52 £7). 

F 

To determine the variation of nuclear properties with various phe- 

nomenological potentials, we have calculated energy and equilibrium density 
for a set of Gammel-Thaler (GT) potentials and for the Breit potential. 
The Gammel-Thaler potentials differ from each other primarily in the central- 
tensor force ratio and the magnitude of spin-orbit force in the triplet even 
states. They give equally good fit to the binding energy and electric quad- 
rupole moment of the deuteron and to the triplet neutron-proton scattering 
length, as well as good fits to scattering data up to about 90 Mev. Their 
parameters are given in Table I. Except where otherwise noted, the BGT 
odd state potentials were used in place of the GT odd state potentials be- 
cause of a different core in the latter. This substitution was checked and 


was found to introduce negligible error. 


The Breit potential is of the form 


vy = vh)4 v, + V,8 


1g) F 
et V,q(L'8) + Vyl@ia = Eig) = lies (4-1) 


The operator [Q15 - (L+S)*] has the value -L(L + 1) for uncoupled states, 
J = L, and is zero otherwise. v6?) is the one-pion exchange potential, 


2) 4, JQ). 72) f fF { [og eg (1+ 343)] s+ ol, 0 8 (x)} 


= a - ; 


(14-2) 


where _ is the pion mass, and x = HUY (in units where ec =h = 1) 





- 


1S 


The delta-function term can be neglected in actual computations. The 


coupling constant, fo » ls given in terms of the related constant, ee ; 


by 
a gm 
s}. 
Gr f 8 ( a) 5 (4-3) 


where M is the nucleon mass. All the other potentials on the right side 


of Eq. (4-2) have the form 


Wa a. Nee) cpe (ek) 
n 

The values of a are listed in Table II. For singlet even states, 
Be /14 20.94 . It is unity otherwise. All potentials have a hard core 
corresponding to x, 5 0.35 . For singlet-even and triplet-odd states the 
neutral pion mass is used, and for singlet-odd and triplet-even states a 
weighted mean of charged and neutral picn masses is used in the proportion 
of two to one. With tg = 135 Mev and Mn, = 139.59 Mev , this has the 
effect of requiring two core radii, 0.5116 fermi for the first and 0.5002 
fermi for the second group of states. 

Curves of binding energy vs. rs for the Gammel-Thaler and the 
Breit potentials are given in Fig. 5. The binding energy and equilibrium 
spacing for these potentials are given in Table III. We also include in 
this table the binding energy for the various potentials at a= 00 
fermis, including the effect of some modifications to the Breit potential 
and (for comparison) to the BGT potential. 


These results for the Gammel-Thaler potentials show the considerable 
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sensitivity of the binding energy and density to the central-tensor force 
admixture of the Gammel-Thaler potentials, the energy varying from -14.1 
to -22.3 Mev and the spacing from 0.90 to 1.08 fermis. The potentials 
with stronger central forces give greater binding at higher density. The 
results also indicate that the even-spin-orbit force has negligible effect. 

The results obtained for the Breit potential show even more sensi- 
tivity to the potential form, since the binding energy -8.3 Mev at a spac- 
ing of 1.28 fermis is quite far from the empirical value. The considerable 
difference between the results of the Gammel-Thaler and Breit potentials 
appears to be due to these features of the Breit potential: 

a) larger core radius, 

b) strong odd-state repulsion, 

c) quadratic spin-orbit terms, and 

d) weaker even triplet central force. 
These changes were introduced to give an improved fit to high energy scat- 
tering data and to match the one-meson exchange potential at largesepara- 
tion. Breit and his co-workers point out, however, that this potential is 
not unique, and that several features of the potential were to some extent 
arbitrary. It is also probable that the condition of matching the meson 
potential should not be literally interpreted for distances inside 2 or 3 
fermis. If this condition is altered, a weaker even-state tensor force 
could be used, with a corresponding increase in the even triplet central 
force. The results of the calculations of the present paper point clearly 


to the need for further investigation with the goal of determining a truly 


unique potential. 





ie 


B. Convergence of Successive Approximations 

Eq. (1-1) for the K-matrix and Eq. (1-2) for the single-particle 
potential energy can be solved by successive approximation. It has been 
suggested that to a good approximation the energy can be obtained from 
first and second Born approximations applied to the long-ranged part of 
the interaction after the repulsive core has been separated and treated 
more exactly. 

To study the accuracy of various approximations to Eqs. (ie 1) sane 
(1-2), we have first used the procedure of BG to treat the effects of the 
repulsive core, obtaining the equations quoted in Section II. A complete 
discussion of this treatment can be found in BG. 

In solving these equations, we can determine the effects of two 


types of successive approximations. Since Eq. (2-6) for U eee) 


hs 
was first solved by iteration starting from a as the first approxi- 
mation, it was easy to evaluate the energy for various iterations of the 
wave function. This we term the first, second, etc., Born approximation, 
although this term is not strictly correct since we have treated the core 
exactly. 

The second successive approximation is in the evaluation of the 


Green's function, G (r.r'), Eq. (2-3). We have started in our calculations 


Waun the first input for B simply 


2 
Bk) =r 


This we call the first major iteration. In successive major iterations, 


we determine V(k) from the previous major iteration for (k|K|k) . 
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A typical result for the binding energy as a function of successive 
Born approximations for the wave function is given in Table IV. The re- 
sults of successive major iterations for the single particle energies is 
given in Table V. These results show that the K-matrix must be computed 
to at least third order in the interaction and that the self-consistent 
energy must be determined from K-matrices which themselves have the single 
particle energies accurate to at least first order in the K-matrices. 

The importance of using energies which are self-consistent both as 
a function of phenomenological potential employed and as a function of 
Yo (e.g., of Fermi momentum) is illustrated by the self-consistent poten- 
tial curves of Fig. 6(a) (in which we show the V(k) appropriate to several 
different phenomenological potentials at p, = 1.52 gt (r, = 1.00 i) geand 
Fig. 6(b) (in which V(k) is shown for several values of Da) To test the 
dependence of the calculations on V(k) , we calculated at several densities 
the binding energy for the BGT potential using the V(k) which was self- 
consistent at the energy minimum (ro = 1.00 f). The result, shown in 
Fig. 7, clearly indicates the importance of the self-consistency requirement; 
there is no sign of saturation near normal density--the minimum is -23.2 
Mev. at ro = 0.79 f . 

The slow convergence of the Born approximation sequence for the wave 
function is to a considerable extent due to the non-central forces. For 


the BCT potential, the binding energy at normal density (k., = 1.52 £71) 


F 
in the absence of the even tensor force is -2.8 Mev compared with -16.9 
Mev for the full potential. This contribution of -14.1 Mev from the tensor 


force is to be compared with -9.0 Mev determined in second Born approxima- 


10 
tion by Moszkowski and Scott. 
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C. Comparison with the Separation Method of Moszkowski and Scott 
Scott and Moszkowski have determined binding energy and density for 
the BGT potential and for potential 4305 of Gammel and Thaler (see Table 
T), using an approximation procedure based on the similarity of the wave 
function due to the core to that for free scattering. This method is 


9,10 


described in detail in their papers, and we only give the results here. 
They found at normal density binding energies of -14.2 Mev and 
-23.6 Mev respectively for the potentials BGT and GT 4305 (modified to in- 
clude the BGT triplet-odd parameters). They included contributions from 
all states with 2£< 4. Their results for just § , P , and D waves 
were -13.6 and -22.8 Mev respectively. The more accurately determined 
values obtained by the methods of this paper are -16.9 and -21.0 Mev for 
the same potentials. In addition, the same calculation fails to obtain 
saturation for the modified GT 4305 potential, in contrast to our minimun, 


-22.1 Mev at r= 0.91 f. Their results, and ours, are shown in Fig. 8. 


O 
In Table VI we present a breakdown of the contributions to the bind- 
ing energy for the BGT potential as computed with our code and as reported 
by Scott and hoeroneie The contributions of the D-states (and prob- 
ably of higher states) are given with reasonable accuracy by the Mosz- 
kowski-Scott method (within 0.5 Mev). However, the S- and P-state contri- 
butions differ from our values by -5.2 and +2.3 Mev respectively. A major 
portion of the differences is probably a consequence of neglecting higher 
order terms. It should be mentioned that the Moszkowski-Scott method 
employs a relative momentum approximation for the energy dependence, as we 


have in this paper. Therefore, their results are more properly compared 


to our results than to those of BG. 
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The failure to obtain saturation for GT 4305 is to a considerable 
extent a consequence of using the Brueckner-Gammel self-consistent V(k) 
for the BGT potential instead of a properly self-consistent V(k). As 
we have already shown (Fig. 6 and Fig. 7), the dependence of the computed 
nuclear properties on the self-consistency of the single-particle poten- 
tial, V(k), is very marked. 


>) 


Kohler ~ and Scott and Noon” have reported a "new separation 
method'"' which converges more rapidly than the method used to obtain the 


results above. However, the new method gives less binding for the calcu- 


lations reported, which would lead to even poorer agreement with our results. 


D. Comparison with the Mohling-Puff Approximation 

As emphasized by Bell, the central element of the nuclear matter 
theories of Mohling and of Puff is a scattering operator defined by Eq. (1) 
of reference 11, which differs from Eq. (1-1) as follows: 

1) The excited state energies, B, are replaced by ps /aM ; 

2) The exclusion principle is ignored for scattering into intermediate 
states. 
The energies EB. of particles in the Fermi sea are determined as in BG 
from Eq. (1-2). This approximation method is clearly a large departure 
from the BG method. Bethe has suggested that the Mohling-Puff approxima- 
tion may nevertheless be quantitatively accurate, with the corrections 
arising from the two changes approximately cancelling. 

In order to avoid in our calculations the difficulties of a vanish- 
ing denominator in Eq. (1-1) on the first major iteration (in which all 


energies are approximated by kinetic energies), the Pauli exclusion 
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principle was invoked for this iteration only. Because the initial con- 
vergence of successive major iterations was very poor (ten iterations for 
convergence to within + 0.2 Mev), we averaged the single-particle poten- 
tials between iterations, and obtained the sequence indicated in Table V. 
The results of this method are given in Fig. 9. The variation of 
energy with density is appreciably different for the two methods, with 
the Mohling-Puff approximation equilibrium values being -18.6 Mev at 0.90 
fermis compared to our’ value of -16.9 Mev at 1.00 fermis for the BGT 
potential, and similar disagreement for the GT 4400 potential. In both 


cases, the value of r. at the energy minimum is 10% less than our value. 


V. CONCLUSIONS 


Our results indicate a definite dependence of the predicted proper- 
ties of nuclear matter on the choice of phenomenological potential. Al- 
though these calculations are not a sufficient criterion for selecting a 
"best" or "proper" potential, they do emphasize the desirability of further 
investigation in phenomenological potentials, with particular emphasis on 
a criterion for uniqueness. The cera anrey in the triplet-even potential 
does not appear to have been resolved satisfactorily by requiring assymp- 
totic match to the one meson exchange potential. The choice of the radius 
of the core is also still somewhat arbitrary for those potentials employ- 
ing a hard core. Determination of the optimum core size from experimental 
considerations would be very valuable. Gammel and Thaler considered their 
singlet-even potential to be a unique solution for a Yukawa potential, with 


i O.4 f , but were wiable to differentiate in triplet-even states between 
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cores of 0.3, 0.4 and 0.5 f. Breit and his Bony Oneree state that the 
employment of hard cores was arbitrary. 

Ovr calculations have shown that the integral equations of the 
Brueckner theory can be solved by successive approximation. The require- 
ments are that the wave function iteration, which corresponds to success- 
ive Born approximations, be carried to at least the equivalent of the third 
Born approximation for reasonable accuracy (+0.5 Mev), and the self-consist- 
ent single-particle potentials determined to first order in the K-matrix. 
The sensitivity of results to the tensor-central force admixture demon- 
strates the requirement for accurate treatment of the tensor force. 

The Moszkowski-Scott separation method does not account for the 
effects of the tensor potential or the S and P state contributions to 
sufficiently high order for accurate results, largely for the reasons 
stated above. However, the Moszkowski-Scott calculations do give good quali- 
tative and semi-quantitative (to second order) results in a simple and 
intuitively pleasing calculation, presumably for any potential provided the 
self-consistency requirement is met. 

The Mohling and Puff-Martin approximation, as we have employed it, 
also gives semi-quantitative results, leading to errors in binding energy 
and equilibrium spacing of about 10%. No appreciable reduction of the 
computational complexities results from this approximation, so that its 


utility is questionable. 
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FIGURE CAPTIONS 


1. Green's functions for BGT potential at o GO ee 

(a) Go(rsr,) for several values of k/P, , both on- and off-energy 
shell; (b) G(r.r) for £= 0, 1, and 2, and for k/p,, = 0.1 on-energy 
shell. 

2. Wave functions for BGT potential at as IO £- 

(a) for k/Dp = 0.5 and 2 =O; (bh) for k/P,, = 0.5 and £ = 13 (c) for 
k/P, = 0.5 and 4 = 2. 

3. Diagonal elements of the K-matrix for BGT potential at re = 008, 
(a) S-states; (b) P-states; (c) D-states; (dad) total. Statisti- 
cal weights are included. 

4, Self-consistent single-particle potential, V(k), for BGT potential 
ater, = 14,00 £. 

5. Binding Energy vs. ne for the phenomenological potentials of Tables 
{and 2. 

6. Variation of self-consistent single-particle potential, V(k), 


t 


(a) with choice of Gammel-Thaler potentials, at r, = 1.00 f; (b) with 
Fermi momentum, Pr > using the BGT potential. 

Ta. Binding Poerey ves. ae for BGT potential using self-consistent 
single-particle potential, V(k), for r, = 1.00 f. at all densities. 

8. Binding Energy vs. r, for BGT and modified GT 4305 potentials as 
computed by Brueckner method (this paper) and by the Moszkowski-Scott 
ethode. 

9. Binding Energy vs. r. as computed by Brueckner method (this paper) 


O 


and with the Mohling-Puff approximation (see text). 
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| Minimum Equilibrium | Binding 
| | binding Spacing | energy 
| Potential energy | at r=1.00 f 
(Mev ) (fermi) | (Mev ) 
GT 4100 -14.1 1.08 | -13.6 
GE 4200 -16.1 | 1.01 : Hea 
GT 4205 =16.2 | 1.01 alee 
BG 
ae fil “16.9 1.00 -16.9 
b) without aye aa ee 
c) without P states toe 
ad) without P state core -23.1 | 
GT 4305 - 218.8 0.9% 18. | 
| GT 4400 -22.3 0.90 -20.8 ¥ 
“preit | | | 
a) full -8.3 1.28 cae 
| b) without P states | =o7 2 
| c) without P states | 1249 
a and Ve 
d) without P state core | | -14.6 
e) without P and D core | | =e | 
| 





Table III. Binding Energy and Equilibrium Spacing for potentials discussed 
in paper. Results indicated for modified potentials are calcu- 
lated with a single-particle potential, V(k), self-consistent 


with respect to the modified potential. 





Major 


Iteration 
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Table IV. 


Illustrative binding energy sequence for successive 


iterations of the wave function Eq. (2-6). 


are in Mev. 


Energies 





a 


seed Mi Meme Sa aa re a a GRR a cca a ga RES aR TEN SR am te eee ay 
| Binding Energy in Mev 


1 
' 








Major ! Brueckner | Moh] ing-Puff 
Iteration | Method _ Approximation 
1 | ~32.963 ED ne 
2 ~15.720 254 340 
3 | 16.936 | -1T.5954 
i | -16.887 | ~17.990 | 
5 ! -16. 892 | -18.045 | 
6 | -18.033 
f | ! =tGs0177 





Table V. Iteration sequences for Brueckner method and for Mohling- 
Puff approximation as implemented in this paper. Calcu- 
lations are for BGT potential at ae 1.00 fermi. The 
self-consistent potential, V(k), was averaged between 
iterations for the Mohling-Puff approximation, improving 
the convergence of the binding energy sequence to that 


shown. 
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Brueckner | 
Method Moszkowski-Scott Method 
(this paper) | lst order end order Total 
| 

















S states 


P states 


D states 


Toca | 


Table VI. 


Binding Energy 


Hensor Concribution* 


a) self-consistent 


og 
Say 
ae 
42,3 
-13.6 


- 9.0 


Analyses of contributions to binding energy as calculated in this 


paper and by Moszkowski and Seot The tensor contribution was 


ot 
Vee 


(a) with a single particle potential V(k) that is self-consist- 


calculated by setting and computing the binding energy 
ent with respect to the modified phenomenological potential, and 
(b) with the single-particle potential V(k) with which the 

S, P, and D state contributions were computed. Moszkowski and 
Scott used a first-order approximation to a self-consistent 


V(k) to compute the tensor contribution. 
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ABSTRACT 


208 


The properties of Pb have been determined, using 
the Brueckner-Gammel-Weitzner theory of finite nuclei. Self- 
consistent solutions of the Hartree-Fock equations as modi- 
fied by Brueckner and Goldman have been obtained. The proper- 
ties computed include binding energy, mean proton and neutron 
radii, separation energies, spin-orbit splittings, nonlocal 
and state-dependent single-particle potentials, surface depth 
of density and potentials, and the potential-density rela- 
tion. Semiquantitative agreement with experiment is obtained, 
the maximum difference between theory and experiment being 
of the order of 15%. Revised computations for ca 9 are reported 
to permit comparison between our results (with an improved 
treatment of the rearrangement energy) and those previously 


reported by Brueckner, Lockett and Rotenberg for ot ca? and 


i 


IT. INTRODUCTION 


In a series of previous papers by K. A. Brueckner and eosworkere, 
methods have been developed for the study of many-fermion systems and have 
been applied in detail to the determination of the properties of nuclear 
matter. Approximate extensions of these methods to the study of finite 


2 
nuclei were proposed by Brueckner, Gammel and Weitzner, and the 





properties of ot& cat? and zr?? were calculated by Brueckner, Lockett and 


Rotenberg. > The IBM 704 at Los Alamos, on which these computations were 
done, did not have the capacity to do the pp208 calculation, and the prob- 
lem was transferred to the CDC-1604 at the University of California, San 
Diego. A better approximation of the rearrangement energy was used. This 
paper reports the results of the numerical study of the properties of ppere 


and revised computations of ca (to permit comparison with the previous 


calculations by BLR). 


II. COMPUTATIONAL PROCEDURE 


BGW and BLR discuss the procedure for extending the nuclear matter 
calculations of Brueckner and Gamme1* to finite nuclei and examine the 
approximations involved. Therefore, we shall confine ourselves to stating 
briefly the pertinent equations, several of which have not previously been 


stated explicitly. 


The problem is essentially that of solving the eigenvalue equation: 
ne 
E,9.(r) = 5 9,(x) + Jar'v,(x.r')o,(z') + Va(r)e,(z) (2-1) 


where V,(x,2r') is a nonlocal potential derived from the K-matrices of 
the Brueckner theory and va) is the rearrangement potential discussed 


h 
and calculated by Brueckner and Goldman. 
The computational procedure consists of calculating a set of radial 
wave-functions Rigg?) from a Saxon well with approximately correct 


radius and depth. These wave-functions are used to start the iteration 





procedure which consists of two separate parts, HI and HII. HI takes the 
wave-functions and computes nonlocal potentials V,;(x x’) . From these 
potentials and the wave-functions, Rig 3?) » HII generates local equiv- 
alent potentials Figg? and Gu j6P? , and solves the Schroedinger 
equation for a new set of wave functions (using the iterative methods 
developed in BGW). The new wave functions are then used as input for the 
aes iteration. 


The nonlocal potential computed by HI is given by Eq. (94) of BGW: 


It 


c LS . 
Vy 5(rysrq) vi Mr, srt) + Lavi Mr, srt) ; J = L+s pelo 


Cc LS : 
VN yet) - Mawr et), g =e, £20, 


(252) 
where, by Eq. (4.17) of BLR 
v6) (y r!) ae ff aw P (u)(r Raced ex 
Pe ee <1 
— 7 
= i “lL *l _xdx_ aoe rel ce) ' 
7 5 rr} Po(Zy £1)(x, Iv ine 3 (2.3) 
Ir, - ry 


. rane ; (LS) . : 
= at | ae f 
with H=r-r) and x=47) -x, (See Fig. 1). V (r,, ¥}) is given 
by a similar equation. V(r, r') is graphed in Fig. 2 (a) for r = 1.0 
fermi. 


We trace the integral (2.3) back to the K-matrices tabulated in BGW 


or to an appropriate Born approximation as follows: 





i. Gala) is expanded in Legendre polynomials, and the first two 


terms are retained (Eq. (4.9) of BLR): 
t — = 
Gani) a (ale. i x) Vo(r,>x) 7 V(r) 5x) COS (rx) 3 (2.4) 


where Vo and V, are obtained by evaluating aes ize +) Stor x 


parallel and antiparallel to XY: 


Vo(r45*) = eee * xr, ) Fe (r, |vlr, -x£,)J 


Vi (r)>x) = a(x, Viz, + xz,) - (x, [vlz,-xx,)] - (2.5) 


2. In general, (eo ales) is given by an equation of the form 





r_+r r 47 
! a 1 * i f 5 mal te alae 
(x lvizj) = Jaz, arg @ (xo)(x,|Klzj})o(ng) 6° == -- =) (2.6) 


(Eq. (77) and (78) of BGW). The Gales) are the matrix elements 
tabulated in BGW. ‘The delta function expresses the conservation of center 


of mass implicit in the assumption (discussed in BGW) that the K-matrices 


have a negligible dependence on the total momentum. It is apparent that 


and yr; must form a parallelogram (Fig. 1). 


t 
Zi? 21 20 2 
3. After performing the ry integration, one obtains for the terms 


on the right of Eq. (2.5) 





= ie 
(c) A > eae YI0 {3 
VN (x5 52) a xr, ) = 160 J r9 “ie J ae | 2a Hy (Zo Po)s 
= ie 
x 
rlklr{o), e” 3(r, ol Kl rj 5) to, Seeteie iHp(Tp.F5) 4 x 





3 ' ' ' 
[(r,oIKlris), - (ry oIKlria)e 6 central Ae alKIrin), 6 * 
+ 
3(r,,\Klrj.) t,0, sentra Jf (2.7) 
and 
+2x ray “Yr 
y(ES) i: 712 12512 <1 "=o 
= ———————— - Xx 
Ve ey ee = oT rity Jy at Ome (1 =< 
12 1 
ree t < 
«12 Hy(ZoFs)e (Ty—lKlrj}5) t,0,L8 * & Ep!£Zp-¥5)4 
X Cry lKlrigde ots * (ielKl is) t,0,18: } (2.8) 


The proton potentials are given by similar equations with Hy and Hp 

(the density matrix elements) interchanged. These equations are derived 

in BGW (Eq. (89) and (90)) and in BLR (Eq. (4.15)). The factor 16n comes 
from the & integration and the delta function in Eq. (2.6). Note that 

Pp and ry appearing above are determined by Yr» ri and the variables 


of integration, including x and the sign with which it appears in the 


terms on the left. We have appended the subscript "=" on Hy and Hp to 





indicate this dependence. The density matrix elements are defined by 


Eq. (85), (86) and (87) of BGW: 


Rig jt 2) Rag j(P2 ) N 


Hy(Zps25) = 2 md PO (rors): (2.9) 
néj ° 


Mors 


with a similar equation for Hy ‘ aS is the occupation number for the 
state (2j + 1 for full shells). 


4, In the computations, the even state K-matrix elements were used 


for the S and D_ states in the following combination: 


(2520) 


al K, | Tio), og(EioF1o) » 


sake = (2241) (xr 
i2) S,E 946 


92 


with a similar equation for [K|r: For the D states, a local 


(Ty oIKITI ot 
equivalent potential was calculated by hand from the BGW K-matrix elements 
(see BLR for the reason and justification for this). The odd state central 
and tensor potentials were not included: they cancel each other almost com- 
pletely. As discussed in BLR, the even spin-orbit term in Eq. (2.8) was 
also dropped (its experimental justification being questionable). For the 
odd state spin-orbit contribution in Eq. (2.8), and for the even state 
terms outside the nonlocal region (e.g., outside the range of the tables in 


BGW), the Born approximation was used. The Born terms were calculated 


from the potentials in Table I, and for S and D states they are 


6(r/,- ) 
oN eceeion 12° ‘12 
Pip \Kitte) = VGt.) Sa (2.11) 


io 12 





where, in terms of the parameters of Table I, V(r) is of the form 


Lr 
Wr 





V(r) =v = (2.12) 


For the spin orbit term, we obtain (using only the P state contribution); 


. +OX rene 
(Ls) ; 2 "12 12e5 1 
Vy (2-2 *xE,) al Na ak J a (+g) xr 5 


ae 


3 g zi 3 ‘ g 
2 | 5 Hye Po)s 7 PB (xporids Py (zyoZi5) ‘i 
6(r_,-r!,) -p (18), 
i nee (Ls) e ‘stron 12 (2.13) 


htré G,0 (LS) 1 
12 t,o 712 


The factor g is an approximation to the (1 -I,° Zp / r) term in Eq. (2.8). 


) about r 


The appropriate expression is obtained by expanding H(r 


pp 
and ignoring derivatives higher than the first (which is justified by the 


near locality of the spin-orbit K-matrix), and then by averaging over the 


angles which occur in the subsequent integrations. This procedure leads 


@ 


to 
Oo 


a: a (2.14) 


r eC 
le 
F008 (& Ey)Q - 





= 
13 


This approximation reduces to the Thomas expression if ys) is inde- 


pendent of £ . The corresponding proton potential (&q.- 2.13) is obtained 





by interchanging Hy and Hp jn Eq. (2.13). 
S. The core contribution, as computed from Eq. (54) and (56) of 


BGW, is 


S(r,,-r_) 6(r!,-r_) 
12 1 l= b/1.6 
(r IKlr,) = a <5 ec Qh on —- : (2.15) 
We O 


with A = 215 or 257 Mev-fermi and b = 0.488 or 0.459 fermi for singlet 


or triplet states respectively, and 


bt 


ie i ( etsy ) 3 ’ (2.16) 


The density, p(r), is the diagonal element of the total density matrix, 


e.g-, Hy(x xr) + H(z,x) - 
Because of the magnitude of the problem of computing the nonlocal 


potential for ppoO8 some modification of the order of integration from 
that of BLR was necessary. For a given value of all the variables of 
integration, the appropriate terms were calculated for ry =r) + x and 
=r) -x.- Then the re and io integrations were performed, the 
io integration being inside the Pio integration. The x integration 

was then done for all values of ry Simultaneously; e.g., for each point 
in the x integral, the terms were computed for every value of ry . This 
sequence was repeated for each of the 50 Tho points... The total time for 


this phase of the computation was 70 minutes. The meshes were (in fermis): 


vr 
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ia 50 points O.2-(0-2)710.0 

- 125 points | -=1.55 (0,025) 1.55 

X 43 points 0,040.05) 2-1: 

Ty 13 points Ost (0.1) 120 (0,3) 1.6 (0,5)) 3.6 
4 17 points cae ~ 0.60) (0.05) ie + 0.20). 


An intermediate step between HI and HII was required for the lead 
calculation. The nonlocal potentials were generated by HI and stored on 
magnetic tape as four matrices (neutron and protons, j = 4+ 4) of dimen- 
sion 7 X 125 (£, r') for each of the 50 values of r (here we change nota- 
tion from r, to r andr} to r' ). The intermediate code reordered 
these records on magnetic tape to 22 sets of V,j(ror') in the order in 
which HII treated each state. (Of the 38 states involved in this calcu- 
lation, 16 differ from some other proton or neutron state only in the prin- 
cipal quantum number, n, and thus have the same V,j(rer') .) This inter- 
mediate operation took 15 minutes. 


Two calculations were performed by HII. The first calculation was 


of the potential functions F and G (Eq. (4.24) and (4.25) of BLR): 


* 436) r a aR (r') aR (r) 
Figg(t) = koe fr'dr' $y LR s(t Rag s(") es ac a — | 
“* V(r) ; 1 n 
and 
Vy ;(F ron) 


aR» Ls dR_,.(r') 
Gagg(t) = bme@nfr iar’ oa [R,j(r') ee - Rr) EL — |, 


(2518) 





ot 


where 


| dha .(?) 
Digg '*) = CR s(r)] omar = ] ; (2.19) 


and V(r) is the coulomb potential. The constant a was chosen to be 
one fermi (the order of the range of the nonlocality of V(r,r') ), as in 
BLR. Representative potential functions F(r) and G(r) and radial wave 
functions, R(r) , are plotted in Fig. 2. 

A simple iterative method for solving the radial eigenvalue equation 
derived from Eq. (2.1) is described by BGW. It leads to an equation for the 
(n+1)st iterate of the radial wave function Rigg?) in terms of the n-th 


iterate values of the F(r) and G(r) given by Eq. (2.17) and (2.18): 


fee > = = RU (nr) _ [F"(r) + vir) J Re) fn = an (r) (2.20) 


We have used an improved approximation to the rearrangement potential, 
V(r), which is-suggested by the analysis of Brueckner and Colanany” who 
determined the dependence of the rearrangement potential on the single 
particle momentum (as a fraction of Pp) In BLR, V(r) was approximated 


as a constant factor times [e(r) 1° » Our new approximation is 


V. pir) = {26 - 14 : sa = ] } ( oh oy) (2.21) 


p(r, = 1.07) = 0.19488 particles/fermi> » This equation interpolates in 





ie 


terms of the energy eigenvalues between the rearrangement energy correspond- 
ing to the approximate mean momentum of the deepest state and the energy 
appropriate to the top state (e.g., between 26 and 12 Mev respectively at 
normal density). This improved treatment of the rearrangement energy is 
the only essential difference between our calculation and that of BLR. 

The solution of Eq. (2.20) is discussed in detail in BLR. ‘The pro- 
cedure starts with choosing an appropriate trial eigenvalue and doing a 
Runga-Kutta integration out from the origin to an intermediate radius, 
Rect y and in from a very large radius to Ri ost « The latter integration 
starts with the logarithmic derivative of Rig 36) set equal to that of 
the appropriate asymptotic solution of the Schroedinger equation. This 
integration is done with successively better estimates of the eigenvalues 
until the logarithmic derivatives of the wave functions match at Re ost ° 
The wave functions are then normalized to unity. The entire HII calculation 
had to be repeated three or four times per iteration to obtain satisfactory 
convergence. This minor iteration procedure took about 25 minutes, ten of 
which were required for calculating the F and G. 


The total energy per particle quoted in the next section (and in BLR) 


is given by 


Beseaan ~ “etal / number of particles , (2.22) 


particle 
where 


Beotar 72 {By ~ J4e LRYC=)(2R (=) + Vg(e)) + amy (r)o ge) TA? YY 


all 
particles (2.23) 
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a result which is easily derived 


III. RESULTS 

A.. Comparison with previous rearrangement energy approximation. 

In order to check our revised code and to ascertain the effects of 
the new treatment of the rearrangement energy, we calculated the properties 
of ca #0 and compared our results with the original code used by BLR at Los 
Alamos, both with and without the new energy treatment. The agreement between 
the BLR code and our code was good: -6.87 vse -6.55 MeV mean energy per 
particle, 3.00 vs. 2.99 Fermi rms radii, and 0.7 MeV or less difference in 
the eigenvalues. The differences are entirely attributable to a few minor 
coding errors in the original program. Table II compares the new results 
with those reported in BLR. The net effect of our improved rearrangement 
energy approximation is slightly better agreement with experiment for almost 
every property tabulated: separation energies, total energy per particle, 
and rms radii. im addition, the spin-orbit splittings are more nearly proportional 
to the (2g + 1) separations generally expected. However, the magnitude of 
the total energy per particle is still not large enough (-6.55 MeV vs. the 
experimental -8.55 Mev), the proton rms radius is too small (although it is 
increased by 3% to a new value which is 83% of the experimental vanes), and 
there is slightly too much difference between the separation energy of the 
last particle and the total energy per particle (1.1 MeV compared to the 
previous 1.2 MeV and the experimental 0.2 MeV). Comparative potential 
energies and eigenvalues are given in Table III for ayeny state of ca? 
with the old and new approximations. The range of eigenvalues has been 
reduced from -70.1 through -4.9 MeV to -48.7 through -5.5 MeV. This re- 
duction in spread of energies indicates that the previous approximation 


reproduced the absolute magnitudes of the energy spectrum quite poorly except 
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near the top levels; the otherwise close agreement between the two calcu- 
lations indicates that the approximation employed in BLR was adequate for 
the computation of the average properties of the nuclei (such as mean ener- 
gies, rms radii, etc.), and that further improvement in this direction 


would not be likely to change such properties appreciably. 


B. ‘General properties of pperd, 


In Table IV we tabulate the principal properties of ppere as calcu- 
lated by the theory for hard core strengths equal to 90% and 100% of the 
normal strength. The 100% core data is the result of a single full iter- 
ation from the 90% data. Experience with the rapid convergence of these 
computations indicates that the properties tabulated are very near the 
values we would obtain with further iteration (e.g., probably within 0.1 
Mev for the mean energy and 0.01 fermi for the rms radii). Since the indi- ° 
vidual energy level predictions (next section) are subject to slight fluctu- 
ations on the first iterations, they are not quoted for the full core. The 
90% core was chosen to permit comparison with the calculations in BLR. In 
those calculations, the reduced core contributions were arbitrarily employed 
as a means of improving fhe winding energies. As we see in Table V, too 
little binding was obtained for the smaller nuclei even with the reduced 
core strength. However, for lead with the 90% core the binding energies of 
the last particles are a fraction of an Mev too great (-8.8 vs. -8.4 Mev 
for the top neutron and -8.9 vs. -8.0 Mev for the proton), and the magnitude 
of the total energy per particle (10.0 Mev) is 2.1 Mev greater than that 


calculated from the masses. The energy of the top nucleon differs by 1.2 





di 


Mev from the total energy per particle, compared with the experimental 
vette of 0.5 Mev. For the 100% core, the magnitude of the total enerey 
per particle is several Mev less than the energy with the 90% core, and 
is one Mev less’ than the experimental value. 

The rms proton radii are 16% and 15% too small (for the 90% and 
100% cores respectively). Similar errors were reported for og ' onde 
The surface depths are 1.8 and 1.9 fermis for the proton distributions and 
1.9 and 2.1 fermis for the total distributions. (We have taken the surface 
depth to be the distance over which the density falls from 90% to 10% of its 
maximum value in the vicinity of the center of the nucleus.) The computed 
depths are slightly smaller than the experimentally deduced (2.2 + 0.3) 
fermis for the charge adetribubion® and (2.45 ° ee fermis for the nuc- 


lear distribution. | The smail discrepancies might vanish with the correction 


of the error in the rms radii. 


C. Energy spectrum. 
Table VI gives the energy spectrum for the reduced (90%) hard core 


strength. The ordering of states is generally in accord with that deduced 


from experiment for the shell ode ae © Up through the 189 /2 state, the py208 


level assignment is the same as that calculated for Pa (and differs from 
Lo 7 
the Ca order in the 13/2 1/2 


energy treatment, the spread in energy levels and the coarse level spacing 


and 2s states). With the new rearrangement 
are probably the most accurate calculated to date. ‘Thus we compare our spread 
in eigenvalues of about 70 Mev with those determined in the shell-model cal- 


culations with central potentials and spin-orbit coupling of (for example) 
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Malenka” (about 30 Mev) and of Ross, Mark and Lawson’© (less than 4O Mev). 
In general, their relative spacing of low-lying levels is in good agreement 
with ours. However, both authors obtain a level sequence at the surface 
which differs from ours: for instance, for neutrons, Ross et al have 5P, /o , 
3P3/o 4 5/2 ; 3/2 yee. compared to our 5P3 /2 4 ep ; SSS ie ' 
3P3/o yeoes and, for protons, they have 353 Jo ; ee oyo ; =e yee» compared 
to our ae ; 384 Jo , aes /2 yeoe » In both cases, the spread of energies 
is less than 2 Mev. The above differences can be traced to the spin-orbit 
potential, which is imperfectly known and which is treated as a parameter 
in the shell-model calculations to improve agreement with experiment. 

The spin-orbit splittings for the various states are tabulated in 
Table VII. They are of the right order of magnitude and follow in a reason- 
able manner the expected (2¢ + 1) graduation in magnitude. In Fig. 2(g) and 
2(h) we have indicated the dependence of the local equivalent potential, F(r), . 
and of the wave functions on this splitting. In particular, we note an 
appreciable spatial splitting of levels with the same orbital angular momentum 


but with opposite spin. 


D. Neutron-proton density relations. 

The neutron, proton and total density distributions are indicated 
in Fig. 3 for the two core strengths. We note the remarkably uniform total 
density, and the moderate non-uniformity of the neutron and proton contrib- 
utions. We also see that the neutron and proton wave functions (Fig. 2(d) 
and 2(f) are almost identical for corresponding states, with the exception 


of a very slight shift towards the center of the nucleus in the low angular 





1 


df 


momentum states. Thus, much of the difference in the density distributions 
is due to the "extra" neutrons in the outer energy shell (which are dis- 
tributed throughout the nucleus as well as at the surface). We find that 
the neutron-proton radii differ by about 0.2 fermi, extending to the larger 
nuclei the tendency noted in BLR for the proton and neutron distributions 

to have nearly equal radii. The origin of this effect lies in the symmetry 
energy and in the insensitivity of the wave functions to differences in 
potential. The absence of an appreciable neutron-proton difference for 

the light nuclei (BLR) and the slight difference noted for lead are compat- 
ible with experimental results .1* Quantitatively, for lead we conclude from 
pion and nucleon scattering eaiculet ions’ that R, - R,, = (0.2 + 0.2) fermi, 
where R is the half-density radius, in agreement with our calculation. 
This figure does not include that part of the difference which results from 
the finite extension of the nuclear potential beyond the matter distribution 


when the radii are determined from separate nuclear and charge-dependent 


interactions. We discuss this difference next. 


EB. Density-potentiai relations. 

In Fig. 4 we have plotted the potential function F(r) for the two 
top neutron states against the density distribution. The top proton poten- 
tial is’ not shown because it lies inside the neutron potentials, a conse- 
quence of the smaller proton distribution. The separation between total 
density and potential (0.5 fermi) is slightly less than that of cat? and 
mr? (0.75 fermi); the difference between the proton half-density point and 


the nuclear potential half-maximum is 0.7 fermi. These results agree within 
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the limits of experimental error with the differences between Ra = 
1/3 6,12 
(ame 0,02) A = (7.00 = 0.14) fermis from electron scattering 


and from # mesonic etonsta and Ry = (i.25 = O-05) ai/3 = (7.41 + 0.30) 
fermis from low and high energy neutron scattering. Wilets?!? has con- 
cluded from neutron and proton scattering that the difference between the 
nuclear potential radius and the matter radius is independent of A _ and 
is (1.0 + 0.3) fermi. This difference in radii is largely due to three 
effects previously discussed, 2° namely: (a) finite range of interaction; 


(b) nonlinear variation of potential energy with density (Wilets effect) ;+! 


and (c) nonlocality of the effective interaction. 


F. Comparison with surface predictions of other theories. 

It is interesting to compare the character of the nuclear surface 
as predicted by previous semi-empirical theories with our results (which 
are essentially from "first principles" if the concept of a two-body 
nuclear potentiai is valid). We will mention only two previous calculations 
to indicate the degree of precision Obtainable. One is the pure Hartree-Fock 
calculation by Rotenberg!” with N= 2Z= 92. It yielded surface thicknesses 
of 2.7 and %.i fermis for Gaussian and Yukawa welis respectively, and pre- 
dicted @ marked dip in the proton distribution near the origin (which is 
absent in our more exact calculation). The caiculated separation between 
the rms radii of the particle density and of the self-consistent collective 
potential in this model was less than 0.2 fermi. An.intermediate step between 
the pure Hartree-Fock calculation and the BGW theory is the semi-empirical 
model of Berg and Wilets.,--?-" This model yields Ry = Rp = 0.2 fermi (in 


agreement with our result) and R(potential) - R(nucleon) = 0.7 fermi (com- 


pared to our 0.5 fermi). 
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G. Summary of results for the four nuclei studied to date. 
The following is a summary of the general features of the results 


for full-shell nuclei (ot& cat? In and pp) 


studied in this paper 
and in BLR. 

1. The magnitudes of the total energy per particle and of the 
separation energies are smaller than their experimental counterparts. 

| e. The difference between observed and calculated energies decreases 
with increasing nuclear size. 

3. The energy spectrum is in general agreement with experiment, and 
the computation of the coarse spacing, with the new rearrangement energy 
approximation, is probably the most accurate to date. However, the detailed 
spacing between close levels, particularly when widely different angular 
momenta are involved, may not be correct in every instance. 

4, The energy spectrum is quite sensitive to any changes in the 
calculation (as, for example, the changes in the treatment of the rearrange- 
ment energy and in the core strength). This is to be expected, because the 
single particle energies are to be compared with potential wells of the 
order of 70 Mev. Thus an Mev change in particle energy is less than a 2% 
change in potential energy. 

5. The radii of the nucleon distributions are in good agreement 
with experiment for of with full core, but are about 15% too small for 
the other nuclei studied. 


6. These radii are relatively insensitive to changes in the calcu- 


lation, a "stiffness" which has been observed in the calculations of BLR 


and of this paper. 
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= Tne thecry predicts t dete he lie: 
bution, ano the salcuiat-ons hev- broug- rer rat 
neatron ard proton deris.slerc ix the lighte. muc.¢2 witn 10r va 
Re 208 ~~ ; ae 
Te aD . To date it has not been possibl. to verify tr de inte 
distributions of these nuclei experimentally, although t+”: av of 

eae ae ; ; . ; 
and Hill : indicates that the charge dis-sribution for lead is probably 
sonably uniform (and especially that there is no dip in the center as de. -<d 


for peid),° in agreement with our results. 

8. The calculated surface properties are compatible with present 
experimental evidence. In particular, the surface depth, neutron-proton 
radius differences, and the matter-potential relations at the surface are 


quantitatively predicted. 


IV. CONCLUSIONS 


The surface depth of the nucleus is now known experimentall, to within 
about 104.° Our results are compatible with experiment and form a theoret- 
icai explanation of its shape from first principles. Indeea, there is a seed 
for further refinement of the experiment to verify the internal structure 
of each nucleus and to ascertain the surface shape consistent with it. There 
is also a need for further refinement of the BGW theory to obtain better rms 
radii, with the result that the surface depths predicted might be more 
accurate. In addition, our theoretical knowledge of: the neutron and proton 


density ratios and of the potential-density relation at the surface is 


compatiblé with, and at present more definitive than, experiment. A feature 
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of the surface which this theory does not describe is possible existence 
(discussed by Wilkinson)?? of nucleon clusters, possibly "alpha" particles, 
in the nuclear surface. Superfluidity in the low density region, if 
present, is also not treated, but it is believed to have negligible effect 
On a gross property such as surface depth. 

For the remaining properties (binding energy, mean proton and neutron 
radii, separation energies, and spin-orbit splittings), the theory is in 
semiquantitative agreement with experiment, the maximum errors being of the 
order of 15%. The sources of these errors can be grouped into three cate- 
gories: 1) the numerical procedures, 2) the input (i.e., the phenomenol- 
ogical potentials), and 3) the theory itself (both the Brueckner theory of 
infinite nuclear matter and the BGW theory of finite nuclei). The first of 
these (the numerical procedures) is rejected as a source of major error on 
the basis of the thorough tests by BLR of the meshes employed and the im- 
provement of the results with nuclear size in spite of the fact that any 
errors from the numerical procedures probably increased also. 

However, some of the error may arise in the choice of the phenomenol- 
Ogical two-body nuclear potential. Recent calculations~> of the properties 
of nuclear matter show that different phenomenological potentials which 
apparently give “equally good" fit to scattering data do not necessarily 
lead to identical nuclear properties for the many-body system. It is possi- 
ble that a better potential would resolve some of the discrepancies between 
our calculations and experiment. It should be noted that of the seven 
potentials employed in the calculations of yeferencey = the potential of 


Table I gives the best agreement between the calculated and semi-empirical 
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properties of infinite nuclear matter. This, however, does not mean that 
this potential is the "correct" one, and more work in phenomenological 
potentials is indicated. Further, in the more accurate calculations of 
Brueckner and Gammel this potential yielded for nuclear matter a slightly 
smaller binding energy (-15.2 Mev) than the semi-empirical value (best value 
-15.8 Mev, but values from -15.5 to -17.0 are also pioted and an equili- 
brium spacing that was 5% too small (1.02 vs 1.07 F). These effects un- 
doubtedly influence the computations of BLR and of this paper. In addition, 
there is some question whether the hard core should be nearer 0.4 F (as in 
the Gammel-Thaler potential we use) or 0.5 F (as suggested by more recent 
determinations of phenomenological potentials) .-* A potential with a larger 
core might give lower density saturation and larger nuclear radii. 

The improvement with increasing mass number of the computed binding 
energy strongly suggests that the principal source of error is in the treat- 
ment of the "surface" energy, which is considerably too large. It should 
be emphasized that the "surface" energy, in our calculations, does not 
arise solely from the classical effect reiated to the density variation in 
the surface. The rearrangement energy, which is essential in the finite 
system in the determination of the wave function and density, and hence 
indirectly in the determination of the total energy, does not appear in the 
uniform system. Thus its effect in the finite nucleus is in fact a "surface" 
effect. The methods of BLR and of this paper are at best a treatment of the 
rearrangement problem based on plausibility; they are not rigorously proved. 


Further investigations of this many-body problem peculiar to the finite 


system are clearly needed. 
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In conclusion, we have ascertained that the BGW theory of finite 
nuclei is in semiquantitative agreement with experiment, the agreement 
improving with nuclear size. Further, we have seen that our state- 
dependent approximation to the rearrangement energy correction gives 
appreciably better results than those obtained in the previous calculations. 
Finally, it appears probable that much of the residual error in the results 
can be removed by improvements in the phenomenological two-body potential 


upon which the calculations are based, and by improvement of the "surface" 


energy. 
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Table II. Properties of cat calculated with the new rearrangement energy 


approximation (this paper) compared to the previous calculations of BLR 


and to experiment. Energies are in Mev, distances in fermis. 


Calculated value Experimental 


Property This paper Previous (BLR) value 


Separation energy 
neutron 
proton 


difference 


Total energy per particle 


Rms radii 
Total 


neutron 


proton 3.52 = 0.07 


Spin-crbit splitting 


2 


2 = 3/2 
neutron 


proton 


id - la 


3/2 D/2 


neutron 


proton 
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Table IV. Properties of pper8 calculated for core repulsion strengths 


90% and 100% of normal values. Energies are in Mev and distances in 


fermis. 









Calculated Experimental 


90% core 100% core 





Separation energy or 


top eigenvalue 


neutron -8.8 -7.38 
proton -8.9 -8.04 
difference +O.1 +0.66 
Total energy 
per particle -~10.00 -6.86 {sO 
Total rms radius Lb7 475 
neutron radius 47h h, 84 
proton radius , 4.56 4.62 5,42 + 0,11 
Surface depth 
: + 0.45 
total 129 Cok 2.45 - 0.15 
neutron ig 2.3 


proton 136 1.9 2.2 = 0,3 
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Tantei ica ledinted potentialieates ica and eieenvatucaton-Ee- > oncone 
strength 90% of the normal value. All energies are in Mev. 

: Potential Energy Eigenvalue 
State ‘Neutron Proton Neutron Proton 
18) /p -70.3 -58.4 -65.9 -54.1 
1P3 Jp -68.6 -56.7 -59.7 -48.0 
1P) Jp -67.9 -56.1 250.4 ='7 0 
1d< jp -65.9 -54,.1 -51.7 -hO.1 
S33 -65.2 = 300 -49.7 -38.3 
28) /p -64,1 =o oh7.5 -35.2 
1E7 Jp -62.6 -50.8 “42.5 -30.8 
If. jp -62.0 -49.9 - 39.5 ~28.1 
2P3/p -59.4 -47.0 -36.8 -2); 4 
2P /o -59.7 -47.1 S37 -22.7 
189 Jp -59.0 -47.0 -32.2 -20.3 
1E7 Ip -58.3 -46.0 -28.0 -16.5 
2d< Jp =5 303 -41.2 -25.2 -12.7 
24.3 jp 5558 -42.6 -22.6 -10.4 
38 /p 52.4 -39.8 =22.5 Oe 
1hy 4/2 -54.8 42.9 -21.1 =0.9 
Lhg jp -54.0 -15.6 
2£ 4 I “45.5 =16,5 
3P3/p -4i.9 -10.9 
2f5 Jo -49.9 -10.3 
1413/0 -50.2 = a2 

-45.0 = Ono 


5P1 /o 
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Table VII. Spin-orbit splitting for pp208 in Mev. The core strength 


was 90% of its normal value. 


; neutron proton 
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FIGURE CAPTIONS 


Relationships between variables in the theory of finite nuclei. 
Representative potential and wave functions for ppo08 | (a) Non- 
local potential, 4mrr'v(r,r') for r = 1.00 fermi, illustrating 
variation with strength of hard core potential (90% and 100% of 
normal ) and differences between neutron and proton potentials; 

(b) Potential function F(r) for s states, indicating the variation 
with principal quantum number and differences between neutron and 
proton functions; (c) Potential function G(r) for s state neutrons, 
indicating dependence on principal quantum number; (d) Radial wave 
functions, R(r), for the s state protons and neutrons; (e) Poten- 
tial function F(r) for neutrons and protons for two representative 
states; (f) Radial wave functions, R(r), for neutrons and protons 
for selected states illustrating the variation with orbital quan- 
tum number; (g) Potential function F(r) for both core strengths 
for selected states illustrating the spin-orbit splitting; (h) Radial 
wave functions corresponding to the potential functions of 2(g). 
Unless otherwise indicated, all data are for core strength 90% of 
normal. 

Proton, neutron and total densities for repulsive core strengths 
equal to 90% and 100% of normal values. 

F(r) for the highest two neutron states of pp208 and the total 


density as a function of radius. The core strength was 90% of 


normal. 
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